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In this study, a generalized mathematical programming 
model for the optimal engineering design of subsea, wet-gas, 
transmission pipeline systems is developed and placed on a 
firm theoretical foundation. The stated objective is the 
maximization of the net present value of all cash flows over 
an infinite time planning horizon. This is constrained, 
explicitly and implicitly, by several conditions related to
(a) structural and equipment requirements for buckle and 
collapse - free ocean pipelaying operations, (b) pipeline 
on-bottom stability, and (c) two-phase flow conditions during 
use.
The prevailing economic climate is assumed characterized 
by persistent cost and price inflation and a constant-dollar 
analysis is utilized. Demand is assumed to grow linearly and- 
deterministically with time. Also, pipeline systems are 
characterized by significant ’economies of scale'. These 
suggest specification of an optimal design capacity with an 
identical, parallel facility being installed, repeatedly, 
at the end of each such growth period.
The chosen design variables are assumed continuous over 
realistic, pre-specified ranges. They are (i) Inside diameter 
of the pipe, (ii) Pipe wall thickness, (iii) Thickness of 
the concrete coating, (iv) Applied horizontal tension during 




The resulting mathematical programming problem is found 
to be non-linear in both its objective function and each 
constraint. In the form presented here, however, it can be 
solved directly by at least two, presently available, 
derivative-free, multivariable, constrained search techniques. 
These are: (a) Box's Complex Algorithm, and (b) Paviani-
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The design of subsea pipelines for the transmission of 
petroleum fluids from offshore locations to onshore separation 
and distribution centers is an engineering problem of con­
siderable complexity and importance.This design problem is 
a direct consequence of (i)the relative inflexibility of 
the system subsequent to installation, (ii)the high material 
requirements and fabrication costs for systems capable of 
withstanding the stresses of installation,the rigors of the 
ocean environment and pressure of the flowing fluids, and (iii 
the extremely high costs, of any engineering operations con­
ducted on or under hostile seas during and subsequent to 
installation. Any op'timal design must therefore choose the 
'best' combination of the basic design variables satisfying 
structural requirements during and after installation and flow 
capacity requirements for the entire economic life of the pipe 
line. In this study, a model is developed which is capable 
of specifying such an optimal design.
The particular case studied concerns situations where 
wet-gas, flowing as a two-phase fluid in a single pipeline at 
a specified daily rate, is to be transmitted. Separation, 
compression of the gas phase and recombination of the two 
phases at some point along the pipeline, or not, are valid 
options. 'Best' or 'optimal' in this case is assumed to mean 
maximum, feasible, Expected Net Present Value of cash flows 
over an infinite-time planning horizon. This is therefore
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defined as the objective (function) of the optimization 
problem.
Supply is assumed to adequately meet demand at all times 
i.e.,no backlogs are permitted. Demand is assumed to be a 
linear,deterministic and increasing function of time. On the 
basis of these assumtions,the optimal size of capacity incre­
ments is expressed as a function of a pre-specified 'econo­
mies of scale' factor for pipeline systems in general.This 
optimal capacity may be determined as a subsidiary program.
Persistent or creeping inflation is assumed to prevail 
and all cash flows are adjusted to reflect this through the
use of a 'constant dollar' analysis.
The chosen decision variables are: (1) inside diameter
of the pipe, (2) thickness of pipe wall, (3) thickness of 
concrete coating, (4) tension to be applied to the pipe 
during installation, and (5) length of the stinger (a flex­
ible pipeline support) to be used on the lay-barge during 
installation. Cost functions and constraints are expressed 
in terms of all or some of these basic variables.
Constraints to maximization of the objective function may
be explicit or implicit with respect to these basic variables. 
They take the form of requirements for:
(1) Pressure loss along the pipeline during the two- 
phase fluid flow.
(2) Maximum working pressure capability of the pipe.
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(3) Maximum collapse pressure to yield strength capa­
bility.
(4) Minimum thickness of concrete coating to (i) ensure 
its continuity and maintenance of its integrity 
during laying operations; (ii) provide minimum sub­
merged weight of coated pipe to ensure subsea 
stability subsequent to installation.
(5) Minimum compression capacity.
(6 ) Maximum allowable bending moment without buckling 
and collapse during installation.
(7) Optimal tension and stinger length to be employed 
during the laying operations - hence, indirectly 
the required capability of the lay-barge.
(8) Absolute upper and lower bounds to the basic design 
variables.
All of the above-listed relationships expressed in terms 
of the basic design variables and fluid properties were com­
bined in a mathematical programming format. The result is a 
mathematical programming model which is non-linear in both 
its objective function and each constraint.
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1.2 NATURE AND SCOPE OF THE PROBLEM
Natural yas (and associated liquids) produced from off­
shore fields form an increasing fraction of total fossil fuel 
consumption on a worldwide basis. Moreover, these fluids are 
being recovered from increasingly remote areas and in hazardous 
weather conditions. Both trends are likely to continue and, 
indeed, accelerate, as onshore resources are depleted and 
demand continues to grow at an increasing rate.
Transmission of rhese fluids to market by pipeline con­
tinues to be the most feasible method in most cases. This is 
sc, despite the increasing complexity and capital costs of the 
required machinery,equipment and support systems. As ex­
amples of rapid changes consider these facts: a conventional 
lay-barge (one vessel type used for pipeline installation) 
such as would be used in the Gulf of Mexico costs $36million, 
whereas a third generation vessel such as would operate in 
the North Sea costs in excess of $lCOmiilion;or between 19 7 4 
and 19 76 the price of line pipe rose 4 4% on the average.
Many other equal or higher percentage increases in material 
and operating costs have been experienced ir. the recent past. 
Moreover, transmission of natural gas by any other means 
necessitates liquifaction to LNG. The high costs of LNG 
facilities and barges rules out the use of this alternative 
for all but the most distant fields and/or markets. Crude 
oil transportation by barges has been proven advantageous 
in some cases.That however is beyond the scope of this study.
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Offshore pipeline systems are known to have several char­
acteristics which must be accounted for in the design stages 
if desired performance is to be achieved at reasonable costs. 
The major factors are:
(1) Large economies of scale; this implies that a 
system capable of handling twice a particular 
design capacity, costs considerably less than 
twice that of the smaller system.
(2) The demand for gas from a particular system tends 
to grow with increases in population and purchasing 
power in that area. However, precise prediction of 
this growth rate is difficult since it is by its 
very nature a stochastic phenomenon. Any adequate 
analysis must therefore be dynamic in nature in 
order to account for a rapidly increasing, albeit 
stochastic, demand.
(3) Fabrication, installation and maintenance of such 
systems require large quantities of materials, 
highly skilled labor, machinery and capital. The 
market for all of these commodities has been extremely 
unstable in the recent past and shows every indica­
tion of continuing this way in the forseeable future. 
Prices of the pipeline products, i.e., N. gas and 
condensate, have been similarly affected. Thus, 
final installed cost of the system and operating 
costs and incomes after installation will be dom­
inated by the prevailing inflationary climate. It
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seems reasonable, therefore, that adequate plan­
ning for both sizing and operations should con­
sider inflationary trends.
(f) Several of the items required for offshore pipeline 
construction must be ordered and/or committed long 
before final, detailed design is complete. This 
is particularly so for pipeline material, stinger 
and lay barges. In the case of the lay barge, cer­
tain minimum lease times are generally specified. 
Industry practice has been to time overall opera­
tions such that pipelines and producing wells come 
on stream at approximately the same time.
In order to meet the above requirements, preliminary 
but reliable analyses are required well in advance 
of final detailed specifications.
(5) In addition to size requirements for the desired 
fluid flow rate, the pipe must have certain struc­
tural characteristics in order to withstand the 
forces exerted on it during laying operations. These 
include the ability to resist tension, withstand
the catenary shape, and prevent buckling and bending 
collapse.
(6) During installation, tension is applied to the pipe 
of the lay barge to assist in maintaining bending 
moments along its length within the allowable limits.
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Allowable limits are a function of water depth;, 
diameter, thickness, and yield strength of the 
pipe, and length of the stinger (a flexible, 
buoyant support on which the pipe rests as it 
comes off the barge).
The cost of a stinger is a function of its length 
(lengths go up to 50 0 feet and costs up to $1.5 
million). The daily rental cost of a lay barge 
is a function of its tensioning capability. The 
cost of pipe is a function of its yield strength 
and wall thickness.
Design must therefore permit choice of an optimal 
cost system, which fulfills the requirements of 
both flow rates and allowable bending moments.
(7) After installation, the pipeline system must exhibit 
stability on bottom under the effects of current, 
slope and wave generated forces as well as buoyant 
forces. Stability is achieved through the use of
an adequate weight of pipe and concrete coating 
(negative buoyancy) for particular expected on- 
bottom subsea conditions.
(8 ) Pipelines carrying wet-gas in two phase flow (gas 
and liquid flowing as separate phases in the same 
pipe) exhibit special characteristics which further 
complicate the design process and must therefore be
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considered. The most important of these are:
(i) The use of single phase flow relationships 
in conjunction with an 'efficiency' factor 
to compensate for the presence of liquids in 
the line (a common practice because of the 
physical complexity of two phase flow) leads 
to erroneous predictions of desired line size. 
Several studies have indicated examples of 
over and under design as a result of this com­
mon practice.
(ii) Even where two phase flow relationships are 
used in the design process, because of the 
existence of a multiplicity of friction factor 
and liquid holdup (fraction of pipe cross-sec­
tional area occupied by liquid) relationships, 
care must be exercised in the choice of the most 
applicable method for the particular situation. 
Possible errors increase as pipe size increases. 
One author indicates that a 20-30% variation in 
results obtained exists among the most used 
correlations for large pipes and low liquid-gas 
ratios. Further, pressure drop and liquid hold­
up calculations became complicated because of 
changing behavior along the pipeline, particularly 
so at high pressures. This characteristic makes
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point by point calculation along the line 
desirable and makes the choice of proper 
friction factor and holdup correlation even 
more critical.
(iii) Where pressure losses during flow make com­
pression or boosting necessary to meet de­
livery pressure requirements, presence of 
liquid in the line can cause complications.
In the transmission of single phase fluids, 
the obvious trade-off is between booster or 
compressor stations, a commensurate line size 
increase, or looping (running a wholly or 
partially parallel line) of the line. With 
two phase fluids these basic choices still exist, 
but liquids must be separated temporarily prior 
to passage through conventional gas compressors. 
Three methods of achieving this are in common 
practice:
(a) Sphering the line section ahead of the 
compressor station (pumping a sphere of 
slightly smaller diameter than inside of 
the pipe along it), arranging for a by­
pass of liquid and sphere in the region 
of the station and recombination after 
the station.
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(b) Installation of separation facilities 
on a platform close to the well-head 
then transmission of liquid and gas 
along separate lines to shore.
(c) As above, but recombination of both after 
compression.
Separation and compression stations in the offshore environ 
ment generally cost more to install and operate than similar 
land facilities because (i) individual platforms must generally 
be constructed; (ii) control and power equipment tend to be 
more sophisticated to permit automatic operation for long per­
iods; (iii) maintenance involves barge and helicopter trans­
port of men and machines.
It is hoped that the preceding discussion adequately illus­
trates the difficulties involved in any attempt to optimize 
offshore pipeline design while simultaneously considering the 
many economic, material and structural requirements of the 
design. Current industry practice, as indicated by the pub­
lished literature, is to treat each aspect as a separate, un­
related problem. These are then solved as precisely as current 
knowledge would permit. The result has been a collection of 
very expensive, involved computer programs handling separately 
the problems of design, installation, and management. Some 
of these (e.g., 3-D pipeline installation analysis) take up 
to one week to converge to a feasible solution which may or
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may not be optimal. Even so, optimality in that particular 
aspect says very little about optimality for the system as 
a whole.,
The effect of this design philosophy is an excessive 
offshore pipeline installation cost. Designs considered 
adequate for the desired flow rate prove inadequate for the 
rigors of installation resulting in buckling and collapse 
and weeks of delays (@ $250,000/day) while the pipe is recov­
ered and repaired, or, often unnecessary looping of the line 
due to inadequate prior consideration of changing demand con­
ditions .
The problem looks less forbidding if it is regarded as 
a static optimization problem, the objective of which is to 
maximize the net present value of all cash flows to the trans 
mission firm over some chosen planning horizon. The capacity 
flow, and structural characteristics of the pipe necessary 
for adequate performance during and subsequent to installa­
tion form constraints to the maximization process.
A choice of design variables must be made at this 
stage.The chosen variables must be such that all relat­
ionships can be expressed as explicit or implicit func­
tions of them,together with the fluid and environmental 
properties characteristic of the particular problem.
The design variables must also,once determined,permit 
early scheduling of men,materials,and machines. It has 
been found that inclusion of (i) the internal
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diameter of the pipe, (ii) wall thickness of the pipe,
(iii) thickness of the concrete coating of the pipe, (iv) 
length of lay-barge stinger, (v) tension to be applied to 
the pipe at the lay-barge during installation, form a suit­
able set of such variables.
Current technical capabilities in the fabrication and 
barging sections of the industry provide absolute upper 
limits to the design variables. The cost of each opera­
tional alternative is then expressed in terms of these vari­
ables. Several tested methods are then available which would 
lead to a 'close to' optimal value for these variables..
It must be emphasized that the model as developed here 
is not meant to replace those in current use, but rather to 
supplement them. Because of the multiplicity of variables, 
current techniques are expensive and time consuming as each 
is varied individually and results observed. Our objective 
is to provide an initial feasible solution close enough to 
the optimal that advance plans can be made with confidence.
The values thus obtained for the design variables can then be 
used as starting values for the more sophisticated current 
techniques.
1.3 PREVIOUS CONTRIBUTIONS
A survey of the published literature on this and related 
topics indicated that many of the individual aspects of the 
problem have been studied. Since the subject is multidisciplinary
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in  t h a t  i t  t r a v e r s e s  th e  t r a d i t i o n a l  f i e l d s  o f  e n g in e e r in g ,  
econom ics, and management s c ie n c e ,  th e  body o f  r e l a t e d  
l i t e r a t u r e  i s  v a s t .  T h ere  i s  no e v id e n c e ,  how ever, o f  any  
a t te m p t  to  u n i f y  a l l  a s p e c ts  (as th e y  must b e ,  f o r  o p t im a l  
d e s ig n )  i n t o  a s in g le  o p t im iz a t io n  m odel, such as i s  p ro ­
posed h e r e .  S e le c te d  r e fe r e n c e s  o n ly  w i l l  be d is c u s s e d  and 
even th en  o n ly  where th e y  i n t e r s e c t ,  i n  c o n t e n t ,  w i t h  th e  
t o p ic  under s tu d y .
( i )  Economics/Management
Thompson and G e o rg e ( 6 4 ) d e r iv e d  a dynam ic , c o n tin u o u s  
t im e  model o f  th e  f i r m  in c lu d in g  b o th  o p e r a t io n s  and 
in v e s tm e n ts .  They fo rm u la te d  th e  m o d e l:a s  an o p t im a l  
c o n t r o l  prob lem  where t h e  o b je c t iv e  o f  th e  f i r m  was to  
m a x im ize , s u b je c t  t o  v a r io u s  c o n s t r a i n t s ,  th e  d is c o u n te d  
v a lu e  o f  o p e r a t in g  p r o f i t s  p lu s  i n t e r e s t  on s a v in g s  le s s  
th e  c o s ts  o f  new c a p a c i t y .a n d  th e  i n t e r e s t  on borrow ed  
funds o v e r  a f i x e d  d e c is io n  making p e r io d  p lu s  th e  d i s ­
coun ted  v a lu e  o f  th e  c a p a c i t y  a t  th e  end o f  t h a t  p e r io d .  
The model assumes a p ro d u c t io n  f u n c t io n  f o r  th e  f i r m  
and assumes t h a t  th e  f i r m  o p e ra te s  a lo n g  i t s  o p t im a l  
e x p an s io n  p a th .  B e h a v io r  under d i f f e r e n t  g row th  p a t ­
te r n s  i s  s t u d ie d .
L a t e r ,  Thomson e t  a l (55) a p p l ie d  t h i s  model to  th e  
prob lem  o f  o p t im a l  in v e s tm e n t -b o r ro w in g  d e c is io n s  f o r  
th e  n a t u r a l  gas t ra n s m is s io n  f i r m .  The f i r m ' s  o b j e c t i v e
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was a g a in  m a x im iz a t io n  o f  n e t  w o rth  o v e r  a chosen p la n ­
n in g  h o r iz o n  w i t h  c o n s t r a in t s  c o n s is t in g  o f  th e  t e c h n i c a l ,  
f i n a n c i a l ,  and a c c o u n t in g  r e s t r i c t i o n s  fa c e d  by th e  
f i r m .  What i s  o f  g r e a t e s t  i n t e r e s t  to  us was th e  f a c t  
t h a t  th e  a u th o rs  re c o g n iz e d  th e  dynamic n a tu r e  o f  th e  
o p t i m i z a t i o n  prob lem  and fo rm u la te d  th e  model as a 
d i s c r e t e - t i m e  c o n t r o l  p ro b le m . T h is ,  o f  c o u rs e ,  p e r ­
m i t t e d  c o n s id e r a t io n  o f  a c o n s t a n t ly  in c r e a s in g  demand 
w i t h  t im e .  F u r t h e r ,  because i t  was d i s c r e t e ,  demand 
was o n ly  p e r m i t t e d  to  change a t  th e  end o f  d i s c r e t e  t im e  
p e r io d s .  To e n a b le  s o l u t i o n ,  r e l a t i o n s h i p s  were formed  
i n t o  a n o n - l i n e a r  m a th e m a t ic a l  program  prob lem  w i t h  
c o e f f i c i e n t s  w h ich  changed f o r  each d i s c r e t e  t im e  p e r io d .  
The n o n - l i n e a r  o p t i m i z a t i o n  prob lem  was s i m p l i f i e d  to  
a l i n e a r  o p t im iz a t io n  prob lem  by th e  o b s e r v a t io n  t h a t  
th e  o n ly  n o n - l i n e a r i t y  o c c u rre d  w i t h  r e s p e c t  to  p ip e  
d ia m e te r  and th ic k n e s s .  By s o lv in g  th e  prob lem  f o r  each  
p o s s ib le  d i a m e t e r / t h ic k n e s s  c o m b in a t io n ,  a s e r ie s  o f  
l i n e a r  programming prob lem s was g e n e r a te d .  M a jo r  l i m i ­
t a t i o n s  o f  th e  Thompson-George model a re  as f o l lo w s :
( i )  I t  i s  u n w ie ld ly  and t im e  consuming s in c e  es sen ­
t i a l l y  a d i r e c t  s e a rc h  o f  a l l  p o s s i b i l i t i e s  needs 
to  be p e rfo rm e d  to  a r r i v e  a t  an optimum.
( i i )  The assum ption  o f  demand chang ing  d i s c r e t e l y  i s  
u n r e a l i s t i c .  Growth w ould te n d  to  more c lo s e ly
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a p p ro x im a te  a c o n tin u o u s  p ro c e s s .  M oreover th e  
r a t e s  o f  g row th  a re  assumed to  be d e t e r m i n i s t i c .
To th e  d e s ig n e r  o f  such system s, few th in g s  a re  
more s t o c h a s t ic  th a n  r a t e  o f  g row th !
( i i i )  Th ere  i s  c o n s id e r a b le  d i f f i c u l t y  in  d e c id in g  on an 
a p p r o p r ia t e  ’ d i s c r e t e '  i n t e r v a l  and a s u i t a b l e  
'p la n n in g  h o r i z o n ' .  In  v ie w  o f  th e  f a c t  t h a t  any 
p a r t i c u l a r  p i p e l i n e  system  .has a v i r t u a l l y  i n f i n i t e  
economic l i f e t i m e  w i t h  g row th  b e in g  accommodated 
by p a r t i a l  o r  t o t a l  lo o p in g  o f  th e  l i n e  a n d /o r  
a d d i t i o n a l  com pressor c a p a c i t y ,  an i n f i n i t e  h o r iz o n ,  
c o n tin u o u s  t im e  model seems more r e a l i s t i c .
( i v )  O n ly  s in g le  phase f lo w  o f  gas i s  c o n s id e re d  w i t h
no s t r u c t u r a l  c o n s t r a in t s  such as would be n e c e s s a ry  
f o r  an o f f s h o r e  p i p e l i n e  system .
A much more r e a l i s t i c  approach to  th e  p rob lem  o f  demand 
grow th  was ta k e n  by M a n n e (4 1 ) in  an e a r l i e r  p a p e r .  He s tu d ie d  
among o t h e r  th in g s  th e  case o f  p r o b a b i l i s t i c  g row th  assuming  
t h a t  ( i )  no b a c k lo g s  i n  demand w ere  p e r m i t t e d ,  ( i i )  demand 
grows l i n e a r l y  o v e r  t im e ,  ( i i i )  equ ip m ent has an i n f i n i t e  
economic l i f e ,  ( i v )  i n s t a l l e d  c a p a c i t y  in v o lv e s  th e  u l t i m a t e  
c a p a c i t y  o f  th e  e x i s t i n g  system , (v) th e  e x is te n c e  o f  econo­
mies o f  s c a le  f o r  th e  in d u s t r y ,  ( v i )  whenever demand c a tch es
A .
up w i t h  e x i s t i n g  c a p a c i t y ,  a new r a c i l i t y  o f  s i z e  x is  
i n s t a l l e d .  U s ing  th e  B a c h e l ie r -W ie n e r  d i f f u s i o n  process
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i n  c o n tin u o u s  t im e  as th e  p r o b a b i l i s t i c  m odel, demand i n c r e ­
ment i s  d e s c r ib e d  as a random v a r i a b l e ,  n o rm a l ly  d i s t r i b u t e d
• 2 w it h  mean y t  and v a r ia n c e  at, t b e in g  th e  f i x e d  p e r io d  o f
t im e  (betw een new c a p a c i t y  i n s t a l l a t i o n s )  c o n s id e re d .  The 
p ro b lem  th e n  r e s o lv e s  i t s e l f  to  one o f  d e te r m in in g  th e  o p t i ­
m al s i z e  o f  c a p a c i t y  in c re m e n t ,  x ,  such t h a t  t o t a l  e x p ec ted  
c o s t  o v e r  th e  i n d e f i n i t e  f u t u r e  i s  m in im iz e d .
P erhaps th e  most i n t e r e s t i n g  a s p e c t  o f  t h i s  ap proach ,  
from  th e  p o in t  o f  v ie w  o f  t h i s  s tu d y ,  i s  th e  f a c t  d is c o v e re d  
by Manne t h a t  even s u b s t a n t i a l  e r r o r s  in  f o r e c a s t in g  demand 
g row th  w i l l  n o t  g r e a t l y  a f f e c t  th e  c h o ic e  o f  o p t im a l  c a p a c i ty  
in c re m e n t when t h i s  method i s  used.
M o r t a d a (48) c o n s id e re d  th e  .problem  o f  e v a lu a t io n  o f  i n ­
v e s tm en ts  in  an i n f l a t i o n a r y  e n v iro n m e n t .  He found t h a t  o f  
th e  many te c h n iq u e s  p re s e n te d  in  th e  r e c e n t  p a s t  f o r  h a n d l in g  
c re e p in g  i n f l a t i o n  in  e v a lu a t io n s  a d is c o u n te d  cash f lo w  
r e a l  r a t e  o f  r e t u r n  (DCFRROR) approach was b e s t .  T h is  approach  
i s  e s s e n t i a l l y  a c o n s ta n t  d o l l a r  a n a ly s is  and th u s  r e q u i r e s  
p r o je c t e d  e s t im a te s  o f  r e a l  r a t e s  o f  in c re a s e  o f  b o th  p r ic e s  
and o p e r a t in g  c o s ts .  U n l ik e  o t h e r  ap p ro ac h e s , th e  o n ly  
e x p l i c i t  use o f  th e  GNP d e f l a t o r  i s  in  th e  d e te r m in a t io n  o f  
d e p r e c i a t io n  c r e d i t s  and as a r e s u l t  DCFRROR was found to  
be q u i t e  i n s e n s i t i v e  to  th e  v a lu e  o f  GNP d e f l a t i o n  used.
S in c e  p r o j e c t i o n  o f  th e  GNP d e f l a t o r  i s ,  a t  b e s t ,  a r b i t r a r y ,  
th e  method i s  i n h e r e n t l y  s u p e r io r  to  any w h ich  i s  more
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dependent on i t s  assumed v a lu e .
Brown and H i r s c h ( l5 ) e x a m in e  th e  t e c h n ic a l  f e a s i b i l i t y  
and im p a c t on th e  c o s t  o f  th e  i n s t a l l e d  system , o f  th e  th r e e  
c u r r e n t  o f f s h o r e  p i p e la y in g  te c h n iq u e s ,  i . e . ,  l a y - b a r g e ,  
r e e l  b a rg e  and bo tto m  t o w - p u l l .  More im p o r t a n t ly  from  th e  
p o i n t  o f  v ie w  o f  t h i s  s tu d y ,  i s  th e  d a ta  p ro v id e d  on c u r ­
r e n t  d a i l y  c o s ts ,  p r o d u c t io n  r a t e s ,  minimum commitment 
r e q u ire m e n ts ,  f i x e d  c o s ts  ( e . g . ,  t i e - i n ,  m o b i l i z a t i o n  and 
d e m o b i l i z a t io n )  and s t in g e r  c o s ts  and th e  v a r i a t i o n  o f  
th e s e  w i t h  p ip e  d ia m e te r  and dom inant w e a th e r  c o n d i t io n s .
S e v e ra l  a r t i c l e s  i n  th e  c u r r e n t  in d u s t r y  jo u r n a ls  ( O i l  
and Gas J o u r n a l ,  P i p e l i n e  and Gas J o u rn a l  and P e tro le u m  
E n g in e e r )  w ere c o n s u lte d  f o r  d a ta  r e l a t i n g  m a t e r i a l ,  e q u ip ­
m ent, and o p e r a t in g  c o s ts  to  l e v e l  o f  use and d ia m e te r  and 
th ic k n e s s  o f  th e  l i n e  p ip e .  D a ta  from  th e s e  jo u r n a ls  i s  
a c c e p te d  as a c c u ra te  and i s  used f o r  a l l  d e s ig n  s tu d ie s  by 
th e  i n d u s t r y .  In  th e  co u rse  o f  o u r  d is c u s s io n ,  in f o r m a t io n  
o b ta in e d  from  p a r t i c u l a r  jo u r n a ls  i s  i d e n t i f i e d .
T e c h n ic a l
Two phase f lo w  i n  p ip e s  has been th o ro u g h ly  s t u d ie d .
The number o f  e x p e r im e n ta l  c o r r e l a t i o n s  a v a i l a b l e  f o r  two 
phase f r i c t i o n  f a c t o r  and l i q u i d  ho ldup  is  exceeded o n ly  by 
th e  number o f  p a p ers  w r i t t e n  on th e  s u b je c t .  The reason  f o r  
t h i s  a p p a re n t  c o n tr o v e r s y  i s  th e  f a c t  t h a t  each a u th o r  has 
a r r i v e d  a t  a p a r t i c u l a r  c o r r e l a t i o n  u s in g  a p a r t i c u l a r  s e t  
o f  t e s t  f l u i d s ,  p ip e  d ia m e te rs  and le n g th s .  S e v e ra l  a n a ly s ts
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have in d ic a t e d  t h a t  any one c o r r e l a t i o n  shou ld  o n ly  be used  
f o r  p h y s ic a l  s i t u a t i o n s  s i m i l a r  to  th o se  from  w hich  i t  was 
d e r iv e d ,  a v o id in g  e x t r a p o l a t i o n  where p o s s ib le .  We con­
c u r  w i t h  t h i s  and propose to  a d op t t h i s  p ro c e d u re .  Note  
t h a t  in  th e  d is c u s s io n  w hich  f o l lo w s ,  o n ly  s t e a d y - s t a t e  
f lo w  s i t u a t i o n s  a re  c o n s id e re d .
Gould and Ramsey( 2 9 ) exam ined th e  p o p u la r  Beggs and 
B r i l l (6 ) c o r r e l a t i o n  a t  e x t r a p o la t e d  p ip e  d ia m e te r s .  The 
o r i g i n a l  had been d e ve lo p e d  u s in g  1 - 1 . 5 "  p l a s t i c  p ip e s .
They fo und t h a t ,  based on a com parison w i t h  a c t u a l  f i e l d  
d a t a ,  i t  e x t r a p o la t e d  w e l l  up to  15" I . D .  p ip e s  w i t h  l i q u i d s  
lo a d in g  up to  20 Bbls/MMSCF. Even o f  g r e a t e r  im p o rta n c e  
was t h e i r  f i n d i n g  t h a t  th e  c u r r e n t  ' e f f i c i e n c y  a d ju s tm e n t  
f a c t o r ’ a p p l ie d  .‘t o  s in g le  phase c o r r e l a t i o n s  to  compensate  
f o r  th e  p re s e n c e  o f  l i q u i d s  was t o t a l l y  in a d e q u a te  f o r  
p r e d i c t i n g  th e  p e rfo rm a n c e  o f  two phase system s. F u r t h e r ,  
th ro u g h  th e  use o f  exam ples o f  p r o p o s e d /e x is t in g  systems  
where o v e r  and under d e s ig n  e r r o r s  had been made, th e y  
em phasized th e  need f o r  p o i n t - b y - p o i n t  c a l c u l a t i o n  in  o r d e r  
to  a d e q u a te ly  a c c o u n t f o r  a l l  th e  im p o r ta n t  system v a r i a b l e s .
Payne et al(51)in an experimental study of inclined two 
phase flow evaluated the accuracy of existing correlations 
for predicting liquid holdup and pressure loss, each separ­
ately. They concluded that for accurate prediction of pres­
sure loss (which is our primary concern in this study), a
ER-2180 19
combination of the Eaton(lo)holdup correlation, the 
Duckler(26)friction factor correlation and the Flannigan(27) 
elevation factor yielded most reliable results. These 
will be used in this study.
Van Leerdam (6g) f u r t h e r  em phasizes th e  im p o rta n c e  o f  
u s in g  th e  most a p p r o p r ia t e  f lo w  c o r r e l a t i o n  f o r  o f f s h o r e  
p i p e l i n e  d e s ig n .  In  a c o m p a ra t iv e  s tu d y  he found a 15-30%  
d i f f e r e n c e  in  c a lc u la t e d  l i n e  c a p a c i t i e s  a t  L iq u id - G a s - R a t io s  
o f  20 Bbls/MMSCF betw een c u r r e n t l y  used c o r r e l a t i o n s .  A ccord ­
in g  to  th e  r e s u l t s  o f  h is  s tu d y ,  t h i s  d i f f e r e n c e  becomes 
l a r g e r  as th e  p ip e  s iz e  in c r e a s e s .
A l l  o f  th e  ab o ve -m e n tio n e d  two phase c o r r e l a t i o n s  assume 
is o th e r m a l  f lo w  i n  a r r i v i n g  a t  u s a b le  a n a l y t i c  e x p re s s io n  
f o r  p re s s u re  drop d e t e r m in a t io n .  T h is  can be proved  a p p r o x i ­
m a te ly  t r u e  f o r  p i p e l i n e s  o f  th e  le n g th  n o rm a l ly  e n c o u n te re d  
in  o f f s h o r e  systems o p e r a t in g  under s te a d y  s t a t e  c o n d i t io n s .  
T h is  i s  an o f t e n  m is u n d e rs to o d  assum ption  in  th e  l i t e r a t u r e  
and w e l l  w o rth  ou r w h i le  e la b o r a t in g  upon h e r e .  Is o th e rm a l  
in  th e  sense used above r e f e r s  t o  th e  m a in ten a n c e  o f  therm o­
dynamic e q u i l i b r i u m  between th e  phases a lo n g  th e  t o t a l  
le n g t h  o f  th e  l i n e .  T h is  e f f e c t i v e l y  e l i m in a t e s  th e  need  
f o r  a h e a t  b a la n c e  a t  each segment and we a s s e r t  t h a t  any 
te m p e ra tu re  changes w h ich  may o c cu r  w ould n o t  be la r g e  enough 
to  g r e a t l y  a f f e c t  phase r e l a t i o n s h i p s .  A te m p e ra tu re  p r o f i l e  
n o n e th e le s s  e x i s t s  a lo n g  th e  l i n e  and i t  can g r e a t l y  a f f e c t
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f lo w  p r o p e r t i e s  o f  th e  i n d i v i d u a l  phases and hence p r e s ­
su re  d rop  o b ta in e d .
As d is c u s s e d  s e v e r a l  t im e s  p r e v io u s ly ,  th e  model to  be 
d e v e lo p e d  i s  meant to  be an a c c u r a te  p r e l i m i n a r y  d e s ig n .
S in c e  c a l c u l a t i o n s  in v o lv in g  phase changes a re  e x t re m e ly  
c o m p lic a te d  and more l i k e l y  th a n  n o t ,  un n e ces sary  f o r  a 
system  such as o u rs ,  we w i l l  a c c e p t  t h i s  assum ption  as a 
good, f i r s t  a p p ro x im a t io n  to  r e a l i t y .  The shape o f  th e  
te m p e ra tu re  p r o f i l e  i s  m a in ly  a f u n c t io n  o f  th e  o v e r a l l  
h e a t  t r a n s f e r  c o e f f i c i e n t  f o r  th e  system . In  th e  case o f  
an o f f s h o r e  p i p e l i n e ,  w e l l  co v e re d  w i t h  c o n c r e t e ,  a l l  h e a t  
t r a n s f e r  c o e f f i c i e n t s  o t h e r  th a n  t h a t  o f  th e  c o n c r e te  c o a t ­
in g  can be n e g le c t e d ( 2 4 ) .  W ith  t h i s  assum ption  an e x t r e m e ly  
s im p le  i t e r a t i v e  approach has been suggested  by DeGance . 
e t  a l ( 2 4 ) t o  d e te rm in e  th e  te m p e ra tu re  p r o f i l e .
The p a r t i c u l a r ,  chosen, p ip e  d e s ig n  must a ls o  have c e r ­
t a i n  s t r u c t u r a l  c h a r a c t e r i s t i c s  i f  i t  i s  t o  w i t h s t a n d  th e  
trem endous fo rc e s  and b e n d in g  moments e x e r te d  on i t  d u r in g  
and a f t e r  th e  i n s t a l l a t i o n  o p e r a t io n s .  G iven  c u r r e n t  in d u s ­
t r y  p r a c t i c e ,  th e  p i p e l i n e  i s  f i r s t  d e s ig n e d  f o r  th e  d e s ir e d  
f lo w  and p re s s u re  c o n d i t io n s .  Then, g iv e n  t h a t  d e s ig n  
e f f o r t s  a re  made t o  a v o id  b u c k l in g  and b r e a k in g  d u r in g  i n s t a l ­
l a t i o n .  More o f t e n  th a n  n o t  t h i s  has le d  to  e x p e n s iv e  down­
t im e  f o r  r e t r i e v a l  and r e p a i r ,  use o f  v e s s e ls  o f  u n s u i t a b le  
te n s io n in g  c a p a b i l i t y  and e x c e s s iv e  s t in g e r  le n g t h .  One
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o f  th e  o b je c t iv e s  o f  t h i s  s tu d y  i s  th e  s im u lta n e o u s  o p t im i ­
z a t io n  o f  a l l  o f  th e s e  p a ra m e te rs .
S m ith  e t  a l ( 6 1 ) i n d i c a t e  t h a t  two s ta n d a rd  ty p e s  o f  
s o lu t io n s  a re  in  use f o r  d e te r m in in g  fo rc e s  and bend ing  
moments on th e  p ip e  d u r in g  i n s t a l l a t i o n - ( I ) S t r u c t u r a l - A n a l y s i s  
Beam-Column ty p e  s o lu t io n  w h ich  assumes a r i g i d  p ip e  s t in g e r  
( s i m i l a r  t o  th e  approach used i n  p l a t f o r m  d e s ig n )  and ( I I )  
th e  f l e x i b l e  p ip e  and s t i n g e r  s o lu t io n  where th e  p ip e  is  
re g a rd e d  as t a k in g  a c a t e n a r y - l i k e  shape. The a u th o r  empha­
s iz e s  t h a t  n e i t h e r  s o l u t i o n  i s  c o m p le te ly  c o r r e c t  in  any 
one s i t u a t i o n ;  th e  t r u e  s o lu t io n  l y i n g  somewhere betw een th e  
tw o .
Type I  s o lu t io n s  a re  u s u a l ly  o b ta in e d  u s in g  an e x tre m e ly  
com plex , c o m p u te r iz e d , t h r e e  d im e n s io n a l  s t r e s s  a n a ly s is .
D a le y ( 2 1 ) p o in t s  o u t  t h a t  seven m a jo r  v a r i a b l e s  a re  in v o lv e d  
and th e s e  a r e  v a r ie d  s i n g l y  o r  i n  groups by t r i a l  and e r r o r  
u n t i l  an a p p a re n t  optimum is  a c h ie v e d .  The r e s u l t  i s  a p ro ­
gram t h a t  can ta k e  up to  one week to  converg e  to  a s o lu t io n  
w h ich  may o r  may n o t be o p t im a l .  He suggests  and a l t e r n a t i v e ,  
s im p le r  two d im e n s io n a l  g r a p h ic a l  te c h n iq u e  which is  now 
b e in g  used by s e v e r a l  o p e r a t in g  com panies. No a c c u ra c y  
re d u c in g  assum ptions a r e  made.
Type I I  s o lu t io n s  a r e  e a s i l y  o b ta in e d  u s in g  w e l l  e s ta b ­
l i s h e d ,  f a m i l i a r  c a te n a r y  e q u a t io n s .  D ixon e t  a l ( 2 5 ) i n d i c a t e  
t h a t  w h i le  v a lu e s  o b ta in e d  f o r  maximum b e n d in g  moments can be
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re g a rd e d  as u p per bounds to  th e  t r u e  v a lu e ,  v a lu e s  p e r ­
t a i n i n g  to  s t i n g e r  le n g t h  and c u r v a tu r e  w ould  be c o n s id ­
e r a b ly  in  e r r o r .
Bynum (17)has d e r iv e d  an e x p re s s io n  s p e c i f y in g  maximum 
a l lo w a b le  b e n d in g  moment under th e  combined e f f e c t s  o f  
h y d r o s t a t ic  p re s s u re  (w h ich causes c i r c u m f e r e n t i a l  b u c k l in g )  
and l o n g i t u d i n a l  b e n d in g . He p o in ts  o u t  t h a t  f a i l u r e  due 
t o  th e s e  e f f e c t s  o f t e n  occurs  a t  s t r e s s  l e v e l s  be low  y i e l d  
s t r e s s  and i s  l a r g e l y  a fu n c t io n  o f  d ia m e t e r / t h ic k n e s s  
r a t i o  o f  th e  p ip e  and th e  maximum w a te r  d e p th .  T h is  m a x i­
mum a l lo w a b le  moment i s  used as th e  co nvergence c r i t e r i o n  
f o r  bo th  Type I  and Type I I  c a l c u l a t i o n s .
Van L e e rd a m (6 8 ) exam ined th e  re q u ire m e n t  f o r  o n -b o tto m  
s t a b i l i t y  a f t e r  i n s t a l l a t i o n .  F o r t h i s  submerged w e ig h t  
must exceed l i f t  and d ra g  fo rc e s  c r e a te d  by w a te r  v e l o c i t y .  
MES( 4 5 ) r e l a t e s  commonly measured o c e a n o g ra p h ic  p r o p e r t ie s  
to  th e  d e te r m in a t io n  o f  s u b s u rfa c e  w a te r  p a r t i c l e  v e l o c i t y .  
O p t im iz a t io n  Techn iques
T h ere  i s  some e v id e n c e  in  th e  l i t e r a t u r e  o f  e f f o r t s  
d i r e c t e d  tow ards o p t i m i z a t i o n  o f  p i p e l i n e  system s. None, 
ho w ever, a re  o f  th e  co m p osite  n a tu r e  a n d /o r  addressed  to  
th e  s p e c i f i c  p rob lem  o f  t h i s  s tu d y .
The Thompson-George m o d e l( 6 5 ) d is c u s s e d  e a r l i e r  i s  such 
an exam p le . Wong and L a rs o n (7 2 )u s e d  dynamic programming  
te c h n iq u e s  to  o p t im iz e  d e s ig n  o f  s in g le  phase p i p e l i n e
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systems. While a similar approach would be applicable to 
the more complex model discussed here, the large number 
of constraints and variables would probably make computa­
tion time prohibitive. Coates(19)used a simulation approach 
to the determination of the sensitivity of pipeline trans­
portation costs to the many variables affecting it. Included 
among these were growth rate, life of demand and supply, 
material costs, prices and demand/supply pressure. Only 
single phase flow was discussed, but the trends developed 
will serve as useful reference points for comparison with 
the results of the present model.
Van L e erd am (6 8 )c h o s e  to  use a nomograph approach to  e a r l y  
p la n n in g  o f  o f f s h o r e  p i p e l i n e  d e s ig n .  T h is  was th e  f i r s t  
p u b l is h e d  a t te m p t  a t  i n t e g r a t i n g  tw o -p h ase  f lo w  and s t r u c t u r a l  
c h a r a c t e r i s t i c s  i n  th e  o v e r a l l  d e s ig n  p ro c e s s .  The nomo­
graph  m ethod, w h i le  good f o r  o b t a in in g  a v i s u a l  ' f e e l '  f o r  
dom inant v a r i a b l e s ,  i s  s t i l l  te d io u s  and s u b je c t  to  c o n s id ­
e r a b le  e r r o r  when used f o r  o p t im iz a t io n  o f  d e s ig n .
I t  i s  co nc luded  t h e r e f o r e  t h a t  based on th e  p u b l is h e d  
l i t e r a t u r e  t o  d a t e ,  no c o m p le te ly  s a t i s f a c t o r y  approaches  
to  f o r m u la t io n  and s o l u t i o n  o f  th e  s p e c i f i c  o p t im iz a t io n  
prob lem  a re  in  c u r r e n t  u se . The o b j e c t i v e  o f  t h i s  r e p o r t  
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The tra n s m is s io n  o f  p e tro le u m  f l u i d s  v i a  a sub-sea  
p i p e l i n e  system from  an o f fs h o r e  p ro d u c in g  f i e l d  to  shore  
and consumers is  in  th e  f u l l e s t  economic and e n g in e e r in g  
sense a p ro d u c t io n  p ro c e s s . Thompson (6 3 ) d e f in e s  i t s  eco­
nomic meaning "an in t e g r a t e d  system o f  a c t i v i t i e s  by which  
in p u ts  . . . a re  tra n s fo rm e d  . . . i n t o  o u tp u ts  o f  goods o r  
s e rv ic e s  . . . a c t i v i t i e s  w h ich  c r e a te  v a l u e . ” I t s  e n g i ­
n e e r in g  meaning more c lo s e ly  f i t s  th e  common c o n c e p tio n  o f  
th e  te rm  and is  o b v io u s .
The p ro d u c t io n  process is  t r a d i t i o n a l l y  m o d e lle d  by 
econom ists th rough  th e  use o f  an economic p ro d u c t io n  fu n c ­
t i o n . T h is  i s  " th e  p h y s ic a l  r e l a t i o n s h i p  between a f i r m 's  
in p u t  o f  p ro d u c t io n  reso u rces  ( q u a n t i t y )  . . . and i t s  o u t ­
p u t ( q u a n t i t y )  o f  goods o r  s e rv ic e s  p e r  u n i t  t im e ” ( 6 3 ) .
The m a th e m a tic a l  model o f  t h is  p h y s ic a l  r e l a t i o n s h i p  is  
t r a d i t i o n a l l y  expressed  a s :
Y = f  ( v , ,  . . . , v  ) ------------ ( 2 . 1 )
(o u tp u t  p e r  u n i t  
t im e  o r  c a p a c i ty )
Where v-^, . . . * vn a re  th e  q u a n t i t i e s  o f  in d i v i d u a l
ty pes  o f  p h y s ic a l  in p u ts  r e q u ir e d  by th e  p ro c e s s , th e  
economic v a r i a b l e s .
As d e f in e d  by Chenery (1 8 )  th ese  p h y s ic a l  in p u ts  a re  " th e  
p u rc h a s a b le  commodities w h ich  make up . . . th e  g e n e ra l
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c a te g o r ie s  o f  la n d ,  la b o u r ,  c a p i t a l ,  m a t e r i a l s ,  e t c . ”P I P E L I N E  S Y S T E M
H20
Note
Economic P ro d u c t io n  
fu n c t io n s  o b ta in e d  
by s e p a r a t in g  c a p i -  
t a l  from  la n d ,  l a -  o j 
bo ur and m a t e r i a l  §  U0o 
L, L , M lumped t o -  £  | 
g e th e r  as m a t e r i a l . — j
X = C a p a c ity  (PIMcf/DAY)^ TSO
a.
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F ig .  2 .1
" E n g in e e r in g  P ro d u c t io n  F u n c t io n s "  by K. B. Chenery)
PIPELINE SYSTEM 
ENGINEERING PRODUCTION FUNCTION
x t'OOx-i o y=io
1*2 PRiCE
L I NE
0500; 5 4 lo
N ote
The p r o d u c t io n  f u n c t io n  
f o r  N .G . p i p e l i n e  
d e s c r ib e d  in  
term s o f  th e  fu n ­
dam enta l e n g in e e r ­
in g  v a r i a b l e s ;  
horsepow er and 
p ip e  w e ig h t  f o r  
c o n s ta n t  th ic k n e s s  
p ip e .
F i g .  2.2
(From: " E n g in e e r in g  P ro d u c t io n  F u n c t io n s "  by H. B. Chenery)
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E n g in e e rs  t r a d i t i o n a l l y  d e s c r ib e  th e  p r o d u c t io n  p ro c e s s ,  
i m p l i c i t l y ,  th ro u g h  th e  use o f  an e n g in e e r in g  p r o d u c t io n  
f u n c t i o n . T h is  f u n c t io n  ex presses  a r e l a t i o n s h i p  between  
o u tp u t  ( q u a n t i t y )  and th e  p h y s ic a l  p r o p e r t ie s  o r  d im ensions  
o f  th e  in p u ts  o r  th e  p ro c ess  ( t h e  e n g in e e r in g  v a r i a b l e ) .
The c o rre s p o n d in g  m a th e m a t ic a l  model o f  th e  r e l a t i o n s h i p  i s :
Y = f  ( u 1 , . . . , un )  ( 2 . 2 )
w here u ^ f . . . , un a re  th e  e n g in e e r in g  v a r i a b l e s .
The f o r m u la t io n  o f  an e n g in e e r in g -e c o n o m ic  model o f  a 
p a r t i c u l a r  p r o d u c t io n  p roc ess  r e q u i r e s  t h a t  i n  essen ce , th e  
economic p r o d u c t io n  f u n c t io n  be r e w r i t t e n  i n  term s o f  th e  
c o rre s p o n d in g  e n g in e e r in g  v a r i a b l e s .  Chenery i n  1947 (1 8 )  
was th e  f i r s t  to  a t te m p t  to  fo r m u la te  a p r o d u c t io n  f u n c t io n  
based p u r e ly  on e n g in e e r in g  c o n s id e r a t io n s .  As he c o r r e c t l y  
p o in te d  o u t th e  p ro c e d u re  i s  o n ly  v a l i d  where th e  chosen en ­
g in e e r in g  v a r i a b l e s  " u n iq u e ly  d e te rm in e  b o th  q u a n t i t i e s  and 
ty p es  o f  in p u ts  f o r  a g iv e n  o u tp u t  and c o s t s . "
Under th e s e  c o n d i t io n s ,  we may w r i t e :
i  = 1 , . . . , n -  -  -  ( 2 . 2)V. = f. (ur  . . . , un )
ci = fi (U1 - • • • - V
Where c^ = th e  p e r  u n i t  c o s t  o f  v^
and may be l i n e a r  o r  n o n - l i n e a r  















Y = G (Ur  . . . , Un )  ( 2 . 3 )





H (U1( U ) ------------ ( 2 . 4 )
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terns of design 
cacacity only.






Long-run marginal cost 
Long-run average cost
Intermediate marginal cost (pipeline fixed, horsepower varied) 
Intermediate average cost 
Short-run average cost 
The long-run cost curves (LAC and LMC) were derived from 
total cost equation with i equal to .06.
The intermediate cost curves assume that the pipeline de­
termined by the long-run cost curve for X-100 is fixed, and that 3. 
is varied.
Short-run average cost was determined frcn the Federal Power 
Commission data assuming that the operation of compressor stations 
is the only cost which varies with outout.
Fig. 2.3
( From: "Engineering Production Functions" by H.3. C h e n e r y )
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Chenery a p p l ie d  t h i s  p ro c e d u re  to  th e  a n a ly s is  o f  
onshore n a t u r a l  gas t r a n s m is s io n  by p i p e l i n e  ( 1 8 ) .  H is  
a n a ly s is  r e f e r r e d  to  low  p re s s u re  ( 4 .500 p s i )  t r a n s m is s io n  
systems and used c o s t  d a ta  fro m  a 1945 FPC c o s t s tu d y .
H is  o b j e c t i v e  was to  m in im iz e  th e  c o s t  o f  a g iv e n  c a p a ­
c i t y  o p e r a t in g  a t  757o o f  f u l l  lo a d .  The r e s u l t s  o b ta in e d  
a r e  i l l u s t r a t e d  ( w i t h  e x p la n a t io n )  i n  F ig s .  2 . 1  to  2 . 3 .
A s u i t a b l e  a n a l y t i c  fram ew ork f o r  th e  d e s c r i p t i o n  o f  
th e  subsea p i p e l i n e  system  as an e n g in e e r in g -e c o n o m ic  
model has now been fo r m u la te d .  A l l  f u r t h e r  t h a t  i s  
n e c e s s a ry  i s  th e  d e r i v a t i o n  o f  th e  e x a c t  fo rm  o f  th e  
fu n c t io n s  G and H f o r  th e  p ro b lem  a t  hand t o g e t h e r  w i t h  
any e x p l i c i t  c o n s t r a in t s  t h a t  m ig h t  e x i s t  t o  t h e i r  g e n e r a l  
a p p l i c a b i l i t y .
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R e c a l l  t h a t  th e  o b j e c t i v e  h e re  i s  to  d e r iv e ,  in  essence  
an e n g in e e r in g  p r o d u c t io n  f u n c t io n  f o r  an a p p a r e n t ly  s im p le  
p r o d u c t io n  p ro c e s s . For th e  subsea p i p e l i n e  system  t h i s  pro  
cess is  th e  t r a n s m is s io n  o f  two phase f l u i d s  from  o f fs h o r e  
lo c a t io n s  (where th e y  have e s s e n t i a l l y  ze ro  economic v a lu e )  
to  onshore l o c a t i o n s ,  thus  in c r e a s in g  v a lu e  c o n s id e r a b ly .  
T h re e  f a c t o r s  make th e  system a complex s t r u c t u r e  w i t h  a com 
p le x  p r o d u c t io n  f u n c t io n  ( i )  Two Phase f lo w  c o n d i t io n s
( i i )  R equirem ents  o f  th e  subsea en v iro n m e n t ( i i i )  The e x i s t ­
in g  economic c l im a t e  and th e  n a tu r e  o f  th e  in d u s t r y .
C o n s id e r :
( i )  No s in g le  a n a l y t i c  e x p re s s io n  e x i s t s  w h ich  ade­
q u a t e ly  d e s c r ib e s  tw o-phase  f lo w  in  p ip e s .  S o lu t io n s  to  th e  
p ro b lem  a re  a l l  e s s e n t i a l l y  i t e r a t i v e  even in  t h e i r  s im p le s t  
fo rm s. However th e  dom inant e n g in e e r in g  v a r i a b l e s  f o r  a 
f i x e d  le n g t h  o f  p ip e  a re  s t i l l  i n t e r n a l  d ia m e te r  and p r e s ­
su re  lo s s .  The f a c t  t h a t  p re s s u re  lo s s  is  a complex fu n c ­
t i o n  o f  th ro u g h p u t  (Y ) i s  t h a t  w h ich  makes an i t e r a t i v e  
s o lu t io n  n e c e s s a ry  and c o m p lic a te s  th e  fo rm  o f  th e  e n g in e e r ­
in g  p r o d u c t io n  f u n c t io n  g iv e n  by e q u a t io n  ( 2 . 3 ) .  M oreover  
th e  p r o d u c t io n  a l t e r n a t i v e s  o f  s e p a r a t io n  a lo n e  o r  accom­
p a n ie d  by com pression o f  e i t h e r  o r  b o th  phases g iv e s  r i s e  
to  th e  e q u iv a le n t  o f  s e v e r a l  p o s s ib le  p ro d u c t io n  fu n c t io n s .
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( i i )  The subsea e n v iro n m e n t,  by i t s  v e r y  n a t u r e ,  
imposes s t r i n g e n t  c o n s t r a in t s  on s t r u c t u r e s  w h ich  must be 
p la c e d  and re m a in  f o r  lo n g  p e r io d s  w i t h i n  i t .  The process  
o f  i n s t a l l a t i o n  s u b je c ts  th e  p i p e l i n e  to  s t re s s e s  and 
s t r a i n s  w h ich  i t  must be d e s ig n e d  to  w i t h s t a n d .  The m ag n i­
tu d e  o f  th e s e  fo rc e s  a re  i n  t u r n  d e te rm in e d  by th e  manner 
o f  i n s t a l l a t i o n  and th e  d e p th  and s t a t e  o f  th e  w a te rs  in  
w h ich  i t  i s  l a i d .  P o s s ib le  p i p e l i n e  c o n f ig u r a t io n s  d u r in g  
l a y in g  o p e r a t io n s  a re  i l l u s t r a t e d  in  F ig .  2 . 4 .  Each has 
i t s  own p a t t e r n  o f  s t r e s s e s ,  each must be d e te rm in e d .  
M o re o ve r th e  c o s ts  o f  i n s t a l l a t i o n  a re  d e te rm in e d  by th e  
manner o f  i n s t a l l a t i o n  as w e l l  as th e  d im ensions o f  th ei
system . Subsequent to  i n s t a l l a t i o n ,  th e  p i p e l i n e  must be 
s t a b le  and rem ain  submerged and r e s t i n g  on bo tto m  i f  e v e n ­
t u a l  b re a k a g e  is  to  be a v o id e d . Thus c e r t a i n  c o n d i t io n s  
o f  s t a b i l i t y  subsequent to  i n s t a l l a t i o n  must be f u l f i l l e d .
S m all (6 0 )  p o in ts  o u t  t h a t  th e  subsea p i p e l i n e  i s  an 
e x t r e m e ly  complex s t r u c t u r e  in  t h a t  i t  must p la y  th e  r o le s  
o f  ( i )  Beam ( i i )  T e n s io n  Member ( i i i )C o m p r e s s  io n  Member ( i v )  
Suspension E lem en t (v )  T o rs io n  Member ( v i )  P re s s u re  P ip e  
( v i i )  E x t e r n a l l y  Loaded C y l in d e r ;  a l l  s im u l ta n e o u s ly  and 
u n de r b o th  s t a t i c  and dynamic c o n d i t io n s .  "These a re  a l l  
c o n c e iv a b le  s t r u c t u r a l  fu n c t io n s  t h a t  a s in g le  member is  
.capab le  o f  p e r fo rm in g "  ( 6 0 ) -  S t r u c t u r a l  a n a ly s is  is
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Assembly Way.
r*i i *r* 1
(A) CONTINUOUS BEAM
(B) BEAM WITH SETTLED SUPPORT
(C) INCLINED CONTINUOUS BEAM
(D) PROPPED CANTILEVER
(E) BEAM WITH CONTINUOUS UNEVEN 
SUPPORT AND OCCASIONAL SPANS







(B) CONTINUOUS BEAM ON CURVED SUPPORT
(C) SUSPENDED SPAN
(D) BEAM WITH CONTINUOUS UNEVEN 
SUPPORT AND OCCASIONAL SPANS
B- REEL BARGE, PIPE CONFIGURATION
■Pulling Wincn
Pontoon*
r c l l t n q  Si€<3
(A) CONTINUOUS BEAM ON LAUNCHWAY
(B) BEAM WITH "SETTLED" SUPPORT
(C) BEAM WITH CONTINUOUS UNEVEN SUPPORT 
AND OCCASIONAL SPANS





(A) CONTINUOUS BEAM ON ELASTIC SUPPORT
(B) BEAM ON ELASTIC SUPPORTS WITH SETTLEMENT
(C) CONTINUOUS BEAM WITH CONSTANT FORCE 
REACTIONS
(D) PROPPED CANTILEVER OR SUSPENDED SPAN 
WITH INTERMEDIATE CONSTANT FORCE 
REACTIONS










(B) BEAM WITH "SETTLED" SUPPORT
(C) INCLINED CONTINUOUS BEAM ON 
CURVED SUPPORT
(D) SUSPENDED SPAN
(E) BEAM WITH CONTINUOUS UNEVEN 
SUPPORT AND OCCASIONAL SPAN
D- FLOATING STRING, PIPE CONFIGURATIONS E- DEEPWATER LAY 3ARGE, PIPE CONFIGURATION
FIG. 2.4: VARIOUS COMMON PIPE CONFIGURATIONS DURING PIPE LAYING 
OPERATIONS: ( FROM OTC 1223, 1970, BY S.W. SMALL)
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t h e r e f o r e  an e x t r e m e ly  c r i t i c a l  a s p e c t o f  p i p e l i n e  d e s ig n .
A summary o f  th e  lo a d s  e x e r te d  on a t y p i c a l  subm arine p i p e ­
l i n e  w i t h  an i n d i c a t i o n  o f  th o se  to  be s tu d ie d  h e re  is  g iv e n  
as T a b le  2 . 1 .
T a b le  2 .3
Loads on subm arine p i p e l i n e s .
TYPE SOURCE
W eights • G r a v i t y
Buoyancy • H y d r o s t a t ic  
F l u i d i z e d  s o i l  
Pontoons
Drag Force • S t e a d y - s t a t e  c u r r e n t  v e l o c i t y
• Wave o s c i l l a t o r y  p a r t i c l e  v e l o c i t y  
V o r te x  shedding
L i f t  Force • S t e a d y - s t a t e  c u r r e n t  v e l o c i t y
• Wave o s c i l l a t o r y  p a r t i c l e  v e l o c i t y  
V o r te x  shedding
I n e r t i a l  Force • Wave o s c i l l a t o r y  p a r t i c l e  a c c e l e r a t i o n  
Barge m o tio n
T e n s io n . Barge te n s io n e r  
P u l l i n g  c a b le  
Barge m o tio n  
• I n t e r n a l  f l u i d  p re s s u re  
Therm al c o n t r a c t io n
Compression • G r a v i t y
C o n s t r u c t io n  push  
Barge m o tio n  
Th erm al ex p an s io n
T o rs io n Barge m o tio n  
S la c k  loop  j o i n i n g
E x t e r n a l  P re s s u re • H y d r o s t a t ic  
S o i ls
I n t e r n a l  P re s s u re • Pumped f l u i d
Surge o f  pumped l i q u i d
• Ite m s  c o n s id e re d  in  t h i s  s tu d y .
(From: S m a ll ,  S. W . ; "The subm arine p i p e l i n e  as a s t r u c t u r e "
OTC #1 223 , 1970)
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( i i i )  E s c a la t io n  and r a p id  demand (grow th th ro u g h -p u t)  
c h a r a c t e r i z e  th e  c u r r e n t  economic c l im a te .  Thus a c u r r e n t  
des ig n  i f  th e  f i r m  is  to  rem ain  c o m p e t i t iv e ,  must c o n s id e r  
demand c o n d i t io n  exp ec ted  to  e x i s t  s e v e r a l  ye ars  from  now. 
F u r t h e r ,  e s c a la t io n  has th e  e f f e c t  o f  in t r o d u c in g  t im e  as an 
e x tre m e ly  im p o rta n t  v a r i a b l e  in  bo th  p ro d u c t io n  fu n c t io n s .  
A d d i t i o n a l l y ,  the  tra n s m is s io n  in d u s t r y  is  c h a r a c t e r iz e d  by 
r a t h e r  la r g e  "economies o f  s c a le " *  thus em phasiz ing  th e  need 
f o r  long term  p la n n in g .
In  subsequent s e c t io n s  o f  th is  c h a p te r ,e a c h  o f  th ese  
f a c t o r s  w i l l  be examined in  d e t a i l .  M a th e m a t ic a l  r e l a t i o n ­
sh ips m o d e l l in g  th e  p h y s ic a l  and economic processes in v o lv e d ,  
w i l l  be d e r iv e d .  C o l l e c t i v e l y ,  th e y  w i l l  r e p r e s e n t  an e n g i ­
n e e r in g -e c o n o m ic  model o f  th e  subsea p i p e l i n e  system.
*  SEE SECTION 2 . 5 . 2
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2 . 1  TWO-PHASE GAS/LIQUID FLOW IN  INCLINED PIPES
2 . 1 . 1  THE GENERAL ENERGY EQUATION
C o n s id e r  a f l u i d  f lo w in g  under s t e a d y - s t a t e  con­
d i t i o n s  w i t h i n  a p ip e  w i t h  c o n f i g u r a t io n  as i l l u s ­
t r a t e d  i n  F ig .  2.5 . An en erg y  b a la n c e  between  
p o in ts  A and B, based on th e  Law o f  C o n s e rv a t io n  
o f  Energy and in  d i f f e r e n c e  form  w ould be as 
f o l l o w s :
A u  +  A  fff-) +  A mgh
Sc
+  A  ± w  ±  q = o
  ( 2 . 5 )
w here: U = I n t e r n a l  e n e rg y  .c a r r ie d  w i t h  th e
f l u i d
mv
2g, = K i n e t i c  en erg y  o r  en ergy  possessed  
by th e  f l u i d  by v i r t u e  o f  i t s  
v e l o c i t y
mgh
gcj
= P o t e n t i a l  en ergy  o r  en ergy  pos ­
sessed by th e  f l u i d  by v i r t u e  o f
i t s  p o s i t i o n ,  Z , above some 
r e f e r e n c e  l e v e l .
(pV) = Energy o f  ex pan s io n  o r  com pression
(w) = Work done on o r  by th e  f lo w in g
f l u i d .  T h is  may be p o s i t i v e  o r  
n e g a t i v e .
ER-2180 36
(q ) = H ea t t r a n s f e r r e d  in t o  o r  o u t o f
th e  system
E x p re s s in g  i n  term s o f  th e  ENTROPY o f
th e  system  w here e n tro p y  is  d e f in e d  as:
*B J  __ p B 1 rp
<2 -s>AS - s2 - Sl- r > - J > C ,
and i s  r e l a t e d  to  i n t e r n a l  en erg y  th ro u g h  th e  
r e l a t i o n s h i p :
'S. - V ,TT f 2 , r j , f 2 . D / j v , r  C hem ical
J S l T d* J v /  <" lv>
(H e a t  E f f e c t s )  (Com pression
E f f e c t s ) :
S u r fa c e  ! /»
T e n s io n  +  O th ers  
E f f e c t s  J
+
Fo r th e  system  un der c o n s id e r a t io n ,  we may 
assume t h a t  e f f e c t s  o t h e r  th a n  h e a t  and compres­
s io n  a re  o f  n e g l i g i b l e  m a g n itu d e . Thus
A u  = T ds +  f  2 P ( - d v )  -  -  -  ( 2 . 7 )
J s1 J V]_
A l s o  from  fu n d a m e n ta l therm odynam ics:
SJ ^ T d s  = q +  Wr - - - ( 2 .8)S 1
where Wf -  en erg y  l o s t  due to  i r r e v e r s i b l e
p rocesses  such as f r i c t i o n ,  s l i p ­
page e t c .
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2 . 1 . 2  TWO PHASE SYSTEMS
S u b s t i t u t i n g  ( 2 . 7 )  and ( 2 . 8 )  i n t o  ( 2 . 5 )  we 
o b t a in  
V,KVdp + afe)+ Aft) +  w +  = o
  ( 2 . 9 )
C o n s id e r in g ,  f o r  s i m p l i c i t y ,  one lb -m ass  
o f  f lo w in g  f l u i d  we can w r i t e :
+ YdV + g_ dh + d ( J + dw = 0
p  gc gc r
From F i g .  2 . 5 ,  dh *  dZ- S in  0
and i f  no work is  done on o r  by th e  f l u i d ,
dw = 0
Then
dP • V dV g n dWf _ n
A 2  +  ~ g  +  g  j O  ^ i n  ®  - H  A Z  ^dZ ^ gc HZ f ^ dZ
or dP _ _ f fi_ £  S in  0 + #
da gc r Sc aZ dZ
  (2.10)
For th e  s p e c i f i c  case o f  tw o -ph ase  f lo w ,  f l u i d  
p r o p e r t ie s  a re  th ose  f o r  th e  e q u iv a le n t  two 
phase m ix tu re  ( i . e .  ' P - p p ^ '
Thus, in  g e n e r a l  th e  f o l lo w in g  r e l a t i o n  
h o ld s :
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F LOW
F IG . 2 .5  : FLOW CONFIGURATION CONSIDERED
F = F gx g
F ^m frictionalf  c o  o  o  c
= Component o f  
a c t in g  i n  X 
( F low  D i r e c t i o n )
Gravity Force
Fgx= WL Asm S ln
F ,- = A  R Dp As
lx ~ K T T  Ir
©  = A n g le  o f  I n c l i n a t i o n
m = L i q u id  F i lm  T h ic k n e s s
FIGURE 2 .6  
FORCES DUE TO LINE INCLINATION
(From: ’’R esearch  R e s u l t s -  Gas L i q u id  F low  in  P i p e l i n e s ” by AGA ana API 
P g . 148A -  May 1969)
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I T o t a l  P ressure ! = r P r e s s u r e  dropl + f *P re s s u re  d r o p -!J j due to  e l e v a - l  I due to  k i n e t -  |LDrop
o r A ? TOT
I 'B 3Pm
I t i o n  changes ic energy 
changes
+ j P r e s s u r e  drop due to  
I f r i c t i o n a l  energy  
Rioses
--p:'B
F r i c t .
,zl
]
A c c .
dZ +
o r : -  dP - dZ +  
'E le v .
dZ +  
Acc.
dZ 
F r i c t .
  (2 . 11)
The r e l a t i v e  m agn itudes and d i r e c t i o n s  o f  
th e  fo rc e s  a c t in g  on a f l u i d  e le m e n t d u r in g  i n ­
c l i n e d  tw o-phase  f lo w  a re  i l l u s t r a t e d  i n  F i g .
2 . 6 .  Comparison o f  g r a v i t y  and f r i c t i o n a l  fo rc e  
components in  th e  d i r e c t i o n  o f  f lo w  w ould  i n d i ­
c a t e ,  f o r  a p a r t i c u l a r  f l u i d  system, th e  c o n d i­
t io n s  un der w h ich  th e y  w ould  each become domimant.
2 . 1 . 3  THE ELEVATION TERM
Under c o n d i t io n s  o f  tw o-phase f lo w  and f o r  
a r b i t r a r y  changes in  e l e v a t i o n  betw een p o in ts  A
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and B ( F ig .  2 . 5 ) ,  t o t a l  p re s s u re  lo s s  due to  
e l e v a t i o n  changes is  g iv e n  by:
f B
A p = f -  A p S in  0 dZ ------------ ( 2 .1 2 )
E le v .  S c
* zA
w h e re :
P t P  = y°LHL + P g  (1 - HL) = D e n s i ty  o f  th e
• • /  f l u i d  m ix tu re
p L -e  G = S p e c i f i c  W eights  o f  l i q u i d ,  gas
= Volume f r a c t i o n  l i q u i d  ho ldup  in  p ip e
_ Volume Of l i q u i d  in  an e le m e n t
Volume o f  th e  e le m e nt
9 = A ng le  betw een th e  p ip e  and th e  h o r i z o n t a l
(See F ig .  2 . 5 )
Z = Leng th  measure a lo n g  th e  p ip e
In  th e  most g e n e ra l  case ,  9 w i l l  be a con­
t in u o u s  f u n c t io n  o f  Z. S i m i l a r l y ,  R- ,̂ s in c e  i t  
i s  a d i r e c t  f u n c t io n  o f  th e  component o f  th e  
fo rc e  o f  g r a v i t y  a c t in g  in  th e  f lo w  d i r e c t i o n  
(See Sec.  2 . 1 . 4 )  w i l l  be a f u n c t io n  o f  9 and 
hence o f  Z. For such cases ,  t h e r e f o r e ,  a com­
p l e t e  s p e c i f i c a t i o n  o f  th e s e  r e l a t i o n s h i p s  must 
be made i n  o rd e r  to  p e r fo rm  th e  i n t e g r a t i o n  o f  
( 2 . 1 2 )  above.
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S in c e  such a s p e c i f i c a t i o n  i s  e x t re m e ly  
d i f f i c u l t  f o r  most a c t u a l  d e s ig n s , v a r io u s  ap­
p ro x im a t io n s  to  e q u a t io n  ( 2 .1 2 )  have been p r o ­
posed. R ecent c o m p a ra t iv e  e x p e r im e n ta l  s tu d ie s  
(5 1 )  have i n d i c a t e d  th e  FLANIGAN ( 27)  c o r r e l a ­
t i o n  when used w i t h  o t h e r  ( s p e c i f i e d )  c o r r e l a ­
t io n s  f o r  f r i c t i o n  and a c c e l e r a t i o n  p re s s u re  
l os se s  g iv e s  b e s t  agreem ent w i t h  e x p e r im e n ta l  
d a t a .  I t  w i l l  t h e r e f o r e  be used in  th e  d e v e lo p ­
ment o f  o u r  m odel.
Use o f  th e  F la n ig a n  c o r r e l a t i o n  i s  based on 
th e  f o l lo w i n g  assum ption s:
( i )  T o t a l  e l e v a t i o n  change can be a p p r o x i ­
m ated by two s e c t io n s  o f  u n ifo rm  s l o p e - - U p h i l l  
and D o w n h i l l .
( i i )  The e f f e c t s  o f  th e  d o w n h i l l  p e r io d  o f  
floxtf i s  n e g l i g i b l e  compared to  th e  u p h i l l  p e r io d .  
T h is  r e s u l t s ,  where a p p l ic a b l e ,  from  th e  h ig h e r  
ho ldup because o f  th e  r e t a r d i n g  e f f e c t  o f  g r a v i t y  
d u r in g  u p h i l l  f lo w .
( i i i )  Holdup is  in d e p e n d e n t o f  9 and Z and 
depends o n ly  upon f lo w  c o n d i t io n s .
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R   ( 2 .1 3 )Then A P  = e L ^  SE le v .
w here: = Sum o f  th e  r i s e s
$= \ (1 '  SL )
F la n ig a n  p re s e n te d  a c o r r e l a t i o n . f o r  ^  
( i l l u s t r a t e d  i n  F ig .  2 . 7 )  in  term s o f  th e  s u p e r ­
f i c i a l  gas v e l o c i t y  and based on f i e l d  and l a b o r a ­
t o r y  d a ta  f o r  gas, c o n d en s ate , o i l  and w a te r  and 
a i r  system s.
LEGEND
Natural Gas Condensate in 16" Pipeline 
0 Natural Gas, Oil and Water in 2" Tubing 
□  Air and Water in 1" Vertical Tubing 
©  Air and Lube Oil in 2" Inclined Tubing
$
12 T6 T 5  24 2~8 T2” 3 6 40




In  p r a c t i c a l  u n i t s ,  th e  e le v a t io n  term  o f  
th e  t o t a l  p re s s u re  lo ss  e q u a t io n  is  t h e r e fo r e  
d e f in e d  by th e  fo l lo w in g  e q u a t io n :
A p =Prvr   (2-14)E le v .
where f )=  V r 3-i-°3.06  ( 2 ' 15)sG
and assuming a u n ifo rm  s lo p e :
H = L S in  0 -  -  -  ( 2 .1 6 )
(M i le s )
VgQ = S u p e r f i c i a l  Gas V e lo c i t y  
( f t . /s e c )
= 31194 *
  ( 2 .1 7 )
Combining th ese  e q u a t io n s  le a d s  to  th e
s in g le  e x p re s s io n  f o r  p re s s u re  lo s s  due to  e le v a ­
t i o n  change used f o r  c o m p u ta t io n a l purposes as 
f o l l o w s :
yyp = 0 .0 2 1 2 5  *  L *  S in  9 *  D2 *  P *  p L *  Tgc
Ele v .  3H 94 *  Q *  Z *  T +  3. 06 *  D2 *  P *  TXG sc
  ( 2 .1 8 )
(See N om enclature f o r  d e f i n i t i o n  o f  th e  re m a in in g  
te rm s)
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2 . 1 . 4  THE ACCELERATION TERM
The a c c e l e r a t i o n  te rm  o f  th e  t o t a l  p re s s u re  
drop r e l a t i o n s h i p  accounts  f o r  p re s s u re  lo sses  
caused by changes in  th e  v e l o c i t y  o f  th e  f lo w in g  
f l u i d .  As d e v e lo p e d  e a r l i e r ,  f o r  two phase f lo w
.Vm where v  = M ix t u r e  V e l o c i t y  g dZ v m J
Acc. c
css)
  ( 2 .1 9 )
F o l lo w in g  an a n a ly s is  s i m i l a r  to  t h a t  o f  Beggs 
e t  a l  ( 6 ) .
0m
Vm = Vs l  +  VsG “
+  Qm +  20.
V *  V S




m  _  1 _
A
0m 0m 
d_ (21 ) +  d_<20>
dZ )
Assuming t h a t  because o f  w id e ly  d i f f e r i n g  f l u i d  
c o m p r e s s i b i l i t i e s :
1_ (i_i> ^  (2!
dZ (p L) ^  dZ (p̂
0m
d ( G) 
’)
.m
1 d_ (^ fi) _ 1_
~  (0 ) A„-  Ap HZ (p
r —  (Om) dZ ' ■ V ,
A
Qm ,
G d2 dZ (fc>A
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F u r t h e r  assuming t h a t  r a t e  o f  change in  
gas mass f lo w  r a t e  i s  v e ry  much s m a l le r  th a n  
th e  r a t e  o f  change o f  gas d e n s i ty ,  i . e .
d (Qq )
- j 8- ---------  SS d ( 0 )
F g  ^  T 2 3 7
v G
Then = _ l  Qm
AP £r. ds <
Now
P  =  and d_ (p
' G Z^RT dB VC
= d / p M
gkt aa \<a d2 Bq'RT'
M + _E  ±- (m )-E^__  i - ( 2.  )2q RT d2 2q RT d2 ^  RT d2 G
-pM dT
a r t 2 daG
Pg f -  — +-  dM~1 £?G. “i  dTl' L p  da M da 2 G d2 T daj
Assuming t h a t  th e  f i r s t  te rm  is  v e ry  much l a r g e r  
th an  th e  sum o f  the  o th e r s ,  we o b ta in  
d f O  \ dP and therefore ,„P d2 - - -(2.20)
BP
32
=  P T p V m  d vm = 1 ^TP m




a f eg P dB gc 
_P _ ?TPvmv s g . dPQg 1 dP =
e GAp j  d3 = gcP da 
-  -  - ( 2 . 2 1 )
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I t  i s  c l e a r  t h e r e f o r e  t h a t  th e  p r e d i c t i o n  o f  
a c c e l e r a t io n  p re s s u re  lo s s  r e q u ir e s  a s u i t a b l e  
method o f  d e te rm in in g  holdup v a lu e s  f o r  th e  
e x i s t i n g  f lo w  c o n d i t io n s .  To d a te ,  th e  o n ly  
s a t i s f a c t o r y  methods in v o lv e  e x p e r im e n ta l  c o r r e ­
l a t i o n s  . Holdup d a ta  measured e x p e r im e n t a l ly  
un der v a r io u s  c o n d i t io n s  o f  f lo w  r a t e ,  f l u i d s  and 
p ip e  d ia m e te rs  a re  c o r r e l a t e d  w i t h  a s u i t a b l e  
c o m b in a tio n  o f  th e s e  v a r i a b l e s .  The r e s u l t i n g  
p l o t  i s  f i t t e d  w i t h  an a n a l y t i c  e x p re s s io n  w h ich  
can th e n  be used f o r  p r e d i c t i o n  and e x t r a p o l a ­
t i o n  o f  ho ldup v a lu e s  under u n te s te d  c o n d i t io n s .  
One such c o r r e l a t i o n  is  t h a t  g iv e n  by E ato n  ( 2 4 ) .  
As d is c u s s e d  in  Sec. 2 . 1 ,  t h i s  method when used  
in  c o m b in a tio n  w i t h  o th e rs  f o r  th e  p r e d i c t i o n  
t o t a l  p re s s u re  lo s s ,  g iv e s  good agreem ent w i t h  
e x p e r im e n ta l  r e s u l t s .  I t  w i l l  t h e r e f o r e  be used  
i n  th e  developm ent o f  t h i s  m odel.
The E aton  (2 4 )  ho ldup c o r r e l a t i o n  was based  
on e x p e r im e n ta l  w a t e r  gas d a ta  ta k e n  in  2" and 
4" p ip e  a t  v a r io u s  f lo w  r a t e s .  F o l lo w in g  an ap ­
p ro a ch  used by s e v e r a l  p r i o r  in v e s t ig a t io n s  
s tu d y in g  v e r t i c a l  f lo w ,  d im e n s io n a l a n a ly s is  was 
a p p l ie d  g iv in g  r i s e  to  f i v e  d im e n s io n le s s  groups  
( i n  p r a c t i c a l  u n i t s )  as fo l lo w s :
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Nt __ = 1. 9 3 8 v nT - \ / ? L  : D im e n s io n le s s  L iq u id
CT L iq u id  V e l o c i t y
  (2 . 22)
P : D im en s io n less  P re s s u re  Group







w- 1 .9 3 8  v  c V : D im e n s io n le s s  Gas
V e l o c i t y  - -  -  ( 2 .2 4 )
= 0 .1 5 7 2 6
Hl \ /
1 : V is c o s i t y  In f lu e n c e




= 1 2 0 .8 7 2  d : D im e n s io n le s s  P ip e
L /o r  D ia m e te r  -  -  ( 2 .2 6 )
= 0 .0 0 2 2 6  : W ate r  V i s c o s i t y  Number @ S td .  
Cond.
U sing  v a r io u s  c o m b in a tio n s  o f  th ose  dimen­
s io n le s s  g rou ps , E aton  found th e  b e s t  ( lo w e s t  
s ta n d a rd  d e v ia t io n  when c o r r e l a t e d  w i t h  th e  e x ­
p e r im e n t a l  d a ta )  c o r r e l a t i n g  group f o r  h is  
l i q u i d  ho ldup d a ta  was as f o l lo w s :
.0.05
h l
r 0 .5 7 5  
nt„  / P
Ngv
Nl  W . l-1
Nd0.0277 NLb
-*12 .27 )
The v a r i a t i o n  o f  l i q u i d  ho ldu p w i t h  t h i s  dimen­
s io n le s s  group is  i l l u s t r a t e d  i n  f i g .  2 . 8 .  A 
s u i t a b l e  a n a l y t i c  e x p re s s io n  f o r  th e  g iv e n  c o r r e ­
l a t i o n  is  as fo l lo w s  ( 2 4 ) :
F or [ o .3 3 9 3 > U f >  0 .0 0 6 ]  -  2
H l  = 0 .7 7 2 6  +  0 .2 6 4 0  In iJr + 0 .5 0 8 1 x 1 0  I n
0 .5 9 6 8  x  1 02 I n 3*  -  0 .5 0 5 2  x 103 I n 4 jjs
T   ( 2 .2 8 )
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1-0
X  -  WATER-GAS DATA 
°  2" PIPE-30-250G 3FD
►“  C" PI?E-iC-5500 ?,PD
0 0 .3 — 0-10'2-! 3CF/DAT
-J 0.2
0.1N
0 .0 2 7 7 iLb
F IG . 2 .8 :  L IQ UID  HOLDUP DATA FOR EATON’ S CORRELATION ( 1 0  )
(FROM: *’The P r e d ic t io n  o f  Flow P a t t e r n s ,  L i q u id  holdup  
and p re s s u re  lo s s e s  o c c u r in g  d u r in g  c o n tin u o u s  two phase  
f lo w  i n  h o r i z o n t a l  p ip e s ” by EATON e t  a l ,  SPE 1525)
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F o r 116. 67 > ^ / > 0 .33 93  
[LH. = 1 -  f  0 .7 7 2 6  +  0 .2 6 4 0  t  +  0 .5 0 8 1 2  x 1 0~2 t 2
- 2 ,-3  U ]-  0 .5 9 6 8  x 1 0 '"  t 3  - 0 .5 0 5 2 3  x 10 
w here t  = (-2. 1 6 1 7 6 - ln *V ^  )
  ( 2 .2 9 )
S u b s t i t u t i o n  f o r  th e  d im e n s io n le s s  numbers in  term s o f
t h e i r  d e f in in g  fu n d a m e n ta l v a r ia b le s  g iv e s  th e  f o l lo w in g
e x p re s s io n s  f o r  th e  f u n c t io n  :
5 , » P . 10n
  ( 2 .3 0 )
ht . - Y
0 .5 7 5
I v
,0 .0 5
L_ 1 N \° -10 1 L \
N N O’0277 gv d i pb / ICO*.J
= Y [ !  73408 *  v°L575 *  * p -°‘1382
*  p 0 .05 *  d -0 .0 2 7 7 J
0.10 0 .0 3 8 2
E x p re s s io n s  f o r  th e  s u p e r f i c i a l  v e l o c i t i e s  (vs ^
b e -o b ta in e d  by assuming t h a t  each phase f lo w s  a lo n e  in
th e  c o n d u i t .  Then:
v gQ = ^G/Ap and v  T = ^L /A p and Ap = 77b ̂
So
Hl =Y[°-66246 * Q l0 .5 7 5 *
0 .0382 •k p 0 .0 5]
Q g 1 *  D '
0 .8223  _ n - 0 . 1 3 8 2  . „ / / 0 . 1 0
f t
where M  = Cu. f t / S e c .  
£ Q^j = Cu. f t / S e c .
[■ f t .
  ( 2 .3 1 )
= l b s /c u .  f t .
l]  = C e n t ip o is e s
jp] = dynes/cm
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Which i s  our d e f in in g  e x p re s s io n  f o r  th e  f u n c t io n  ' ’
EATON (10 ) e s t a b l is h e d  v e r y  d e f i n i t i v e  ranges o f  v a lu e s  
f o r  th e  d im e n s io n le s s  groups o v e r  w h ich  h is  c o r r e l a t i o n  
w ould be a p p l ic a b l e .  These a re :
Note sh o u ld  a ls o  be ta k e n  o f  th e  f a c t  t h a t  th e  c o r r e l a t i o n  
is  n o t  a p p l ic a b l e  when f lo w  d e g e n e ra te s  to  a s in g le  phase.
A s u i t a b l e  method o f  p r e d i c t i n g  ho ldup under s p e c i f i e d  
f lo w  c o n d i t io n s  h a v in g  been e s t a b l is h e d ,  th e  e x p re s s io n  
f o r  p re s s u re  lo s s  due to  a c c e l e r a t i o n  changes can be 
c o m p le te ly  d e f in e d .  Then by ( 2 .2 1 )
where a l l  term s have been p r e v io u s ly  d e f in e d .  S u b s t i t u t i n  
th e  r e l e v a n t  e x p re s s io n s  we o b t a in  a com posit
JjiL ^  10 -  20 cp ^
0 . 0 6 9 7 ^  NL v ^  1 3 .2 4 6  
1 .5 5 0 6  ^ N G v ^  1 4 0 .5 3 7 ( 2 .3 2 )
5 .0  < P / P a ^  6 5 .0cL
2 0 .3 3 9 5  4 Nd 3 9 .6 2 7 7  J
r





  ( 2 .3 4 )
2 . 1 . 5 -  The F r i c t i o n  Losa Term
P re s s u re  lo s s e s  due to  f r i c t i o n  f o r  f l u i d s  f lo w in g  
i n  p ip e s  r e s u l t  from  v isco us  s h e a r  fo rc e s  betw een th e  
f lo w in g  f l u i d s  th em selves  and betw een each f l u i d  and th e  
p ip e  w a l l s .  The f r i c t i o n  lo s s  te rm  o f  th e  g e n e ra l  
en ergy  b a la n c e  e q u a t io n  (Eq. 2 . 1 1 ) ,  i s  by c o n v e n t io n  
d e f in e d  as:
The g e n e ra l  fo rm  o f  th e  r e l a t i o n s h i p  a r is e s  from  a fo rc e  
b a la n c e  betw een w a l l  sh ear  s t re s s  and p re s s u re  fo rc e s  and 
i s  b e s t  a r r i v e d  a t  th ro u g h  a " s i m i l a r i t y "  ty p e  a n a ly s is
s t re s s  and k i n e t i c  en erg y  p e r  u n i t  volum e.
H ig h e r  p re s s u re  drops due to  f r i c t i o n  a re  ob served  
d u r in g  two phase f lo w  th a n  f o r  s in g le  phase f lo w .  T h is  
is  due to  a c o m b in a t io n  o f  th e  f o l lo w i n g  e f f e c t s :
f o r  th e
s p e c i f i c  case o f  two phase f lo w
( 2 .3 5 )
( 2 6 ) .  The f r i c t i o n  f a c t o r  is  th e  r a t i o  o f  w a l l  s h ear
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( i )  D ecreased  c r o s s - s e c t io n a l  a re a  f o r  gas f lo w  due to  
th e  p re s e n c e  o f  th e  l i q u i d  ( th e  ho ldup phenom enon). T h is  
r e s u l t s  i n  a h ig h e r  gas v e l o c i t y  and hence l a r g e r  f r i c ­
t i o n  p re s s u re  d rop .
( i i )  The e x is te n c e  o f  s e v e r a l  p o s s ib le  f lo w  p a t t e r n s  d u r in g  
two phase f lo w ,  each w i t h  i t s  own f r i c t i o n a l  c h a r a c t e r i s t i c s .
R e l i a b l e  p r e d i c t i o n  o f  f r i c t i o n a l  p re s s u re  lo s s e s  d u r in g  
two phase f lo w  is  t h e r e f o r e  e x tre m e ly  complex s in c e  i t  
r e q u i r e s  th e  a b i l i t y  to  p r e d i c t  th e  f lo w  p a t t e r n ,  th e  
ho ldup p a t t e r n  and th e  r e s u l t i n g  f r i c t i o n  lo s s .  S im p l i ­
f i c a t i o n  in v o lv e s  use o f  methods w h ich  do n o t  r e q u i r e  
p r e d i c t i o n  o f  th e  e x i s t i n g  f lo w  p a t t e r n .  Such an approach  
i s  t h a t  g iv e n  by D u c k le r  ( 2 6 ) .
The D u c k le r  approach  is  based on te c h n iq u e  o f  s im i ­
l a r i t y  a n a ly s is .  T h is  assumes th e  e x is te n c e  o f  dynamic  
and k in e m a t ic  s i m i l a r i t y  between model ( e . g .  l a b o r a t o r y  
o r  f i e l d  system) and th e  p r o to ty p e  (sys tem  to  be d e s ig n ed )  
and th en  a r r i v e s  a t  th e  g rou p ings  o f  v a r i a b l e s  w h ich  must 
e x i s t  f o r  t h i s  to  be t r u e .  D u c k le r  found t h a t  i f  m ix tu re  
p r o p e r t i e s  a re  d e f in e d  by:
C1 ( 2 .3 6 )
f t p  = / * L  A .  +  fJiG (1 * A  ) C2 ( 2 .3 7 )
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w here X =  Q l
Q m
C i C2 = C o n sta n ts  to  be d e te rm in e d
Then a s u i t a b l e  g ro u p in g  o f  term s w ould  be:
( 2 .3 9 )
( 2 .3 8 )
To d e te rm in e  v a lu e s  f o r  C^ and C2 , he c o n s id e re d  two 
p o s s ib le  cases :
( I )  T h a t  o f  no ’’ s l i p "  betw een phases i . e .  Homogeneous 
F lo w . H ere  l i q u i d  and gas v e l o c i t i e s  a re  th e  same and 
r e s u l t s  in ;
( I I )  Some ’’s l i p ” betw een phases b u t  a t  c o n s ta n t  v e lo c i ty -
g iv e n  by Eq. ( 2 . 3 2 ) .
I n  o r d e r  to  be a b le  to  p r e d i c t  f r i c t i o n  lo s s e s  by th e
e s t a b l is h e d .  S i m i l a r i t y  p r i n c i p l e s  d i c t a t e  t h a t  i f  such 
a r e l a t i o n s h i p  can be e s t a b l is h e d  from  a la b o r a t o r y  m odel,
C^ = C2 = 1.0 b u t
( 2 .4 0 )
r a t i o .  H e re ,  s i m i l a r l y ,  Cp = C2 = 1 .0  b u t P-pp Is  now
method, some r e l a t i o n s h i p  betw een J r TP and Re must be
i r  TP
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th e n  th e  p r o t o t y p e ,  o f  th e  same Re^p, sh ou ld  have th e  same 
v a lu e  o f  .f-pp- The r e l a t i o n s h i p s  betw een and Re^p
d e v e lo p e d  in  t h i s  manner f o r  each o f  th e  cases is  as 
f o l l o w s :
(I) T«= 0 .0 0 1 4 0  + 0 . 1 2 5    ( 2 . 4 1 )
0 32 Re *
where Re i s  a s in g le  phase R e y n o ld 's  Number. The r e l a t i o n '  
s h ip  i s  b a s i c a l l y  s in g le  phase i n  n a tu r e  and a p p l ie s  o n ly  
to  smooth p ip e s .
( I I )  A c o r r e l a t i o n  o f  e x p e r im e n ta l  d a ta  i s  r e q u i r e d  in  
t h i s  case s in c e  i t  i s  a ls o  n e c e s s a ry  to  c o n s id e r  e x i s t i n g
f
h o ld u p . F o r c o n v e n ie n c e , th e  d a ta  i s  n o rm a l iz e d  and th e  
r e s u l t i n g  p a t t e r n  i s  i l l u s t r a t e d  in  F ig .  2 . 9 .
Graph o f  
E q u a t io n  2 ,4 2
10'-i10”10”
F ig .  2 . 9 :  A. E. DUCKLER’ S NORMALIZED FRICTION FACTOR CURVE
(FROM: "R esearch  R e s u lts  -  G a s -L iq u id  Flow i n  P ip e l i n e "
by AGA and A P I May, 1969)
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The e q u a t io n  f o r  t h i s  cu rve  i s  as f o l l o w s :
f TP f o K “ f o 1 +  - ( I n  X )   ( 2 . 4 2 )
w here S = 1 .2 8 1  -  0.478Vln\) + 0.444(-ln\)2 
-0.094(-ln\)3 + 0.00843(-lnX)4 
 (2.43)
where o< is  g iv e n  by E q . ( 2 .4 1 )  f o r  Re^p >  1000 b u t  
by f Q *  1 6 /R e Tp f o r  ReTp < 1 0 0 0   ( 2 .4 4 )
A s s o c ia te d  w i t h  th e s e  r e l a t i o n s h i p s  was a ho ldup  
c o r r e l a t i o n  g iv e n  by D u c k le r .  The c o r r e l a t i o n  r e l a t e s
ReTP , ^  and Ht and i s  i l l u s t r a t e d  i n  F ig .  ( 2 . 1 0 ) .  U sing
c a lc u la t e d  v a lu e  o f  Re^p and \  i t e r a t i v e l y  a v a lu e  f o r
Ht i s  d e te rm in e d  from  th e s e  c u rv e s .L
ReTp x  10
t p  ® y m
EQ. 2 .3 4  Li
1 T “ i i , ,
F ig .  2 .1 0 :  A. E. DUCKLER'S HOLDUP CORRELATION FOR HORIZONTAL
PIPES
(From: "R esearch  R e s u lts  -  G a s -L iq u id  F low  i n  P ip e l in e s "  
by AGA and A P I)  May 1969
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2 . 1 . 6 :  TOTAL PRESSURE DROP
(a) I t e r a t i v e  F o rm u la t io n
The r e s u l t a n t  t o t a l  p re s s u re  lo s s  d u r in g  tw d -  
phase f lo w  can now be a d e q u a te ly  s p e c i f i e d  as th e  
sum o f  lo s s e s  due to  e l e v a t i o n  and a c c e l e r a t i o n  
changes as w e l l  as t h a t  due to  f r i c t i o n .  The p r e ­
v io u s ly  d e v e lo p e d  term s can now be jo in e d  under th e  
d i c t a t e s  o f  e q u a t io n  (2 . 11 ) to  g iv e  a s i n g l e ,  com­
p o s i t e  e x p re s s io n  o f  th e  f o l lo w i n g  form :
The e x p re s s io n  i s  n o t  i n t e g r a b l e  a n a l y t i c a l l y  
and a c c u r a te  s o l u t i o n  r e q u i r e s  an i t e r a t i v e ,  f i n i t e -  
e le m e n t s o l u t i o n .
(b) A p p ro x im ate  A n a l y t i c a l  F o rm u la t io n
W h i le ,  as d is c u s s e d  e a r l i e r ,  no c o m p le te ly  s a t i s ­
f a c t o r y  a n a l y t i c a l  fo r m u la t io n s  e x i s t ,  some such a p p ro x ­
im a t io n s  have been a t te m p te d  w i t h  r e s u l t s  showing v a r y ­
in g  de g rees  o f  a c c u ra c y  f o r  f r i c t i o n a l  and a c c e l e r a t i o n a l  
p re s s u re  lo s s e s .  The f o l lo w i n g  i s  a d is c u s s io n  o f  th e  




p__ V v 
( 1 -  TP m sg )
% g P
-  - ( 2 . 1 9 3 )
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The L o c k h a r t - M a r t i n e l l i  and th e  D u c k le r  rCase 1 '  b o th  p r o v id e  
p o s s ib le  p u r e ly  a n a l y t i c a l  e x p ress io n s  f o r  f r i c t i o n a l  and 
a c c e l e r a t i o n  p re s s u re  lo s s e s  i n  two phase f lo w .  R e s u lts  
based on D u c k le r 's  a n a ly s is  w i t h  h is  c u l l e d  d a ta  ban k , i n d i ­
c a te  t h a t  th e  'Case 1 '  te c h n iq u e  y i e l d s  more r e l i a b l e  e s t i ­
m ates o f  p re s s u re  lo s s  un der most p ip e  and f lo w  c o n d it io n s  
th a n  t h a t  o f  L o c k h a r t - M a r t i n e l l i  (See T a b l e 2. l ) .  M o re o v e r,  
i t  i s  much s im p le r  b e in g  no more complex th a n  a s ta n d a rd  
s in g le  phase d e t e r m in a t io n .











d <r V d










1 - 6 . 6 10.1 1 0 .0 * —9 .4 17.9 17.5 - 2 5 . 2 18.2 13.5 2 2 4
3 3 .8 29.1 2 0 .0 - 1 . 0 29 .7 2 0 .0 3 .6 2 4 .8 12 .0 * 23 0
1 20 - 5 . 5 24 .7 2 0 .0 0 .0 4 6 .7 2 5 .0 6.7 2 4 .4 1 8 .6 * 156
1 9.2 3 7 .7 2 5 .0 - 1 1 . 2 13 .8 12.5 2 .4 13 .4 1 5 .5 * 3 2 0
3 - 4 . 7 2 2 .9 25 .0 - 1 . 4 3 9 .4 2 5 .0 1.6 19.7 1 6 .0 * 39 8
2 20 13.2 52 .0 3 0 .0 - 1 9 .1 2 2 .6 22 .5 10.3 2 7 .2 2 0 .0 * 4C1
1 3 1 .0 50 .2 47 .5 - 1 8 . 5 2 9 .2 22 .5 - 0 . 3 26 .8 2 6 .2 * i  09
3 16.3 39 .3 22 .5 - 0 . 9 3 4 .6 2 5 .0 * 9.3 2 4 .9 2 5 .C 67
3!/-' 20 - 0 . 4 2 6 .2 2 2 .5 * 7.3 3 3 .5 2 5 .0 10.6 24 .5 13.6 111
1 38 .3 12.2 12.5 16 .4 2 0 .0 1 7 .5 * 50 .6 18.3 19.3 24
3 11.6 41 .5 37 .5 2 .0 3 1 .7 2 5 .0 11.2 19.2 1 6 .0 * 131
5 20 — 1.0 2 5 .0 25 .0 7 2 9 .8 20 .0 7.3 2 2 .7 14 .0 * 122
• Aster isk  deno tes  corre lat ion th a t  s e e m e d  to p red ic t  Pest for each horizonta l row.
R e c a l l  t h a t  t h i s  c a s e , i n  a d d i t io n  to  th e  s te a d y  s t a t e  
c o n d i t io n ,  assumes a homogeneous f l u i d  hence w i t h  no s l i p  
o c c u r r in g  betw een p h ases . Thus th e  two phase f l u i d  is  
assumed to  a p p ro x im a te  a s in g le  phase f l u i d  whose p r o p e r t ie s
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a re  th e  v o lu m e t r ic  averages  o f  th o se  o f  th e  two phases .  
T a b le  ( 2.2 ) l i s t s  p a ra m e te r  d e f i n i t i o n s  f o r  'Case I 1 as
compared w i t h  th ose  p r e v io u s ly  deve lo ped  f o r  ’ Case 1 1 ’ .
Summary of Dukler’s Similarity Analysis—'Table 2 .2
P a ra m e te r C ase  1. N o  S lip
V iscosity M., (llX +  >1,(1 — X)
D en sity p., « Xpr 4" P»(l *“
R eynolds n u m b e r Re.i ■
E uler n u m b e r E m., - (bP/bZ)i,p.,D/G/
Fric tiona l p re ss u re  deriva tive tbF/bZ).. - f..G :-/',2ff'P.,D)
C ase I I ,  C o n s ta n t S lip  
« If  m MlX-r M«(l “  X) 
e<f -  nWRi) +M(l -  “  Rt)
Re i9 — pi, D V „ / m i p
Eu,p - [ ( i > r / $ Z ) u ' P * , D \ / G t  4- (ps/pn.) 11 — >- 
[bP /bZ)TP = / i PG r [ ( p i /p . . ) c x - / / e ;) - f  (p« /p«*) Cl — x ; « / . ? , : /
U sin g  th e s e  d e f i n i t i o n s  and a smooth p ip e  f r i c t i o n  
f a c t o r  o f  th e  form :
£NS = <3 -5 l0S ReNS + °-01 1°S ReNs2 - 3.5)‘2 _ _ _ (2.194)
we may proceed  as f o l lo w s :  
I n  p r a c t i c a l  u n i t s  -
Re




( p Q 4- p Q )
L L G G
D (y 1 +  u ( 1 -X ) ) J  
L  G
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w here K_ = r 2 2 7 3 4 .9 7  (p Q + P  Q ) i
, L G XG
-  -  -  (2 .1 9 5 )
and th e  manner o f  d e te r m in a t io n  o f  f l u i d  and f lo w  p r o p e r t i e s  
i s  as d e s c r ib e d  i n  A ppend ix  a
f NS = [ 3 . 5  ( lo g  % - l o g  D) +  0 . 0 2 ( lo g  K1- l o g D ) - 3 . 5  ] “2
=[(3 .51o g  K + 0 . 021og - 3 . 5 )  -  ( 3 .5 1 o g D + 0 .0 2 1 o g D ) j" 2
= [ k 2 -  3 .5 2  lo g  D . 1 “2
w here K2 = 3 .5 2  lo g
-  -----  (2 .1 9 6 )
From T a b le  (2 .  2 )
H - ] £ = f NS Gt  = 2 f NS
‘ ,NS
w here M
= 1 8 3 .3 4 7  WT D- 2
g c = 3 2 .2  
D ’ = D /1 2
f^j„= as p r e v io u s ly  d e f in e d
T h e n /3 P \ f  = .  9 9  a
132/N S 2 ’ *  [K 2 -3 .5 2 1 o g D  J ' z * ( 1 8 3 . 3 4 7 )  * W * D
3 2 .2  *  pNS *  D /1 2
= K3 D'5 [ k 2 -  3 . 521og D 1





The a c c e l e r a t i o n  te rm  Kc , as g iv e n  by D u c k le r  'Case 1 '
i s  ( 26 ) :
Ac = 3 3 1 7 7 6 . W W P -  1 0 4 3 .9 7 3  WT P
- 2gcD4P i p2 pg D4p i P2Pg
= K, D'4
4
where K = 1 0 4 3 .9 7 3  W W„
4 T G
P-, p*1 3 -  -  -  ( 2 .198 )
The t o t a l  p re s s u re  drop as d e f in e d  i n  e q u a t io n  ( 2 .1 1  ) 
can now be d e te rm in e d  by add ing  a s u i t a b l e  te rm  f o r  e l e v a ­
t i o n  p re s s u re  lo s s .  F l a n n ig a n 's ,  as p r e v io u s ly  d e v e lo p e d ,
f
i s  th e  obv io us c h o ic e .  Then by e q u a t io n  ( 2 .1 8 )
apaz ELEV = ° - 02125*  Sin9 *D  *  F  *  PL *  T
3 l l 9 4 *  Q 'g +  3 . 0 6 * D2 *  p *  T
SC
where Q1 1 — MM s c f /D  
Azl = M i le s
Or in  more c o n s is t a n t .  u n i t s  ( S c f /s e c ,  f t )  
= 1 1 .0 5  *  S in9 *  F  *  pT *  D
2 6 9 5 .1 6  *  *2 *  T +  1 5 9 1 .2  *D
2
2 *  -D
= K5 D
K6 +  K? D2
where = 1 1 .0 5  *  SinQ *  F  *
» 2 6 9 5 .1 6  *  Qn *  Z* *  T
  (2.199)K = 1591.2 * P
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Combining th e s e  r e l a t i o n s h i p s  g iv e n  by e q u a t io n s  C2 *-1-97) ,  
( 2 .1 9 8 )  and ( 2 .1 9 9 )  to  d e s c r ib e  t o t a l  p re s s u re  drops i n  two 
phase f lo w  g iv e s  th e  f o l lo w i n g :
(API ap] 3P| -|
AZ. TOT “ azj ELEV. + 3ZI FR IC T .
1 -  Ac
KcD
— ----------7 - 1 +
k 6+ k7d z
K3 D"5 (K2-3.52 log D)"2
1 - k 4 D-4
-2K5 D2 + (Kg+K D2) (K3 D-5 <K2 - 3.52 log D)
( Kg + K? D2) ( 1 - k 4 D"4 )
KS D2 + K6K3 D'5 (K2-3.52 log D)-2+K7K3D-3 (K2-3,521ogD)“2 
K6-K4K6 d ‘4 + k 7 d 2 - k ?k 4 d '2
' C3D +C2D'5(C3-3.521ogD)-2 +C4D'3 (C3~3.52 logD)-2 1
C--C6D~4 + C7 D2 - C8 D-2 
where = 1 1 .0 5  *  S in 6 *  P *
2 *  *  - 1c2 = 67528195.97 * Q * Z * T * WT - „NS 
C, = 3 .52  log 22734.97 *  W *  u -13 °  T ‘ NS
C4 = 39868084 .06  *  P *  WT2 * pN 5 _:L 
CK = 2695 .16  *  Q_ *  Z *  T  
1
C = 2813674 .271  *  W *  W_ * ¥ * Qn 6 T « v l  l • g
C7 = 1 5 9 1 .2  *  F  
Cg = 1 6 6 1 1 6 9 .838*WT*WG*P 2*P 1 “ 1* P 2 ' 1* p ' -1
and Wr = Pl  +  Pg q<
  - (2.200)
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A l t e r n a t i v e l y  we may use a f r i c t i o n  f a c t o r  o f  th e  form :
f NS = 0 .0 0 1 4 0  +  0 • 12-5 ,.
( ^ N S )°-32
= 0 .0 0 1 4 0  +  0 . 1 2 5 /  ( 22734---.L -*- WT.
D ^NS
0 .3 2
- 0 . 3 2 - 0 . 3 2  _  0 .3 2
*  ^NS= 0 .0 0 1 4 0  + 0 . 1 2 5  *  Wm   *  D
2'4.'7823 T
0 .0 0 1 4 0  +  0 .0 0 5 0 4 4  *  WT'0 -32 *  Uns° ’32 *  D°'32
= K- +  K ’ D
0 .3 2
w here = 0 .0 0 1 4 0
= 0 .0 0 5 0 4 4  *  W"0 -32 *  “  0,32
Then 3P
NS
= K3 D-5  ( K£ +  K£ D
NS
0 .3 2




= k 3 K-[ D'5 +  k 3 k£  d'4 -58
Kc D2 c 685 +  (K3K ’ D-5 +  k3k^ D j
k 6+ k7d2
1 -  K4 D-4
9 2 » - s - 4 . 6S
= k 5 d z  +  ( k 6+ k 7d ) ( k 3K]_ d + k 3k ^ D )
(K6 +K7 DZ ) (  1 -  k4 D 4 )
■-3 -3= k 5d2 + k6k 3k 3 d _5+ k  k 3k 2d * + k7k 3k£d +K7K3K2D- 2 . 6 8
K6 - K6K4D"4 + Ky D2 -  K7K4 D 
' „2.„• -5 - -4.68 ' -3 ' -2.68 1f t  t \ I  r 1 n  —'  i n  i n  tn i r \C^D“”+C2& +C3D +c4d +c 5d
C5 -  Cg D ' 4 +CyD -  Cg D ' 2
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w here , C^, C y , C0 as p r e v io u s ly  d e f in e d
and c '2 = 0 .0 0 1 4 0  *  C£
c j  = 0 .0 0 5 0 4 4  *  WT -0'32 *  *  c3
C'u = 0 .0 0 1 4 0  *  C,
*0 32
C' = 0 .0 0 5 0 4 4  *  W " ° *  *  iINS’  * *  C
  ( 2 . 2 0 2 )
The e x c lu s io n  o f  a lo g a r i t h m ic  te rm  ( a t  th e  expense o f  
some a c c u ra c y  ) has r e s u l t e d  i n  a f a i r  r e d u c t io n  in  com plex­
i t y  o f  th e  e x p re s s io n  and c o n s id e r a b le  s i m p l i f i c a t i o n  from  
an o p t i m i z a t i o n - r o u t i n e  p o in t  c f  v ie w .
De Gance e t  a l  (2 4) c o r r e c t l y  p o in t s  o u t t h a t  th e  
n o - s l i p  a p p ro x im a t io n  f o r  two phase f lo w  a n a ly s is  p ro v id e s  
n o th in g  b u t  a lo w e r  bound to  th e  p re s s u re  drop w h ich  can  
e x i s t .  I t s  use i n  an o p t im is a t io n  r o u t i n e  w i l l  t h e r e f o r e  
p r o v id e  a ' lo w e s t  p o s s i b l e ’ p ip e  d ia m e te r  e s t im a te .
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2 . 1 . 6  HEAT TRANSFER IN  PIPES DURING TWO PHASE FLOW
Our a n a ly s is  o f  tw o-phase f lo w  has thus f a r  ig n o re d  
th e  e f f e c t s  o f  H ea t T r a n s f e r  on p re s s u re  lo s s  p r e d i c t i o n .  
These e f f e c t s  ta k e  two m a jo r  a s p e c ts :
(a )  E f f e c t s  on th e  thermodynam ic e q u i l ib r i u m  
between th e  two phases f lo w in g  and hence, th e  e f f e c t s  
on th e  l i q u i d / v a p o u r  r a t i o  in  th e  f lo w  s tre a m .
(b ) E f f e c t s  on f l u i d  p r o p e r t ie s  where th e s e  
v a r y  a p p r e c ia b ly  w i t h  te m p e ra tu re .
Both a s p e c ts  a re  c a p a b le ,  under s u i t a b l e  f lo w  c o n d i t io n s ,
o f  g r e a t l y  a f f e c t i n g  th e  ob served  p re s s u re  d rop .
I n  g e n e r a l ,  th e  h e a t  t r a n s f e r r e d  betw een m edia a t
d i f f e r i n g  te m p e ra tu re s  i s  governed by th e  r e l a t i o n s h i p :
q = he f f > A A T   ( 2 .4 5 )
w here : q = Q u a n t i ty  o f  H ea t T r a n s f e r r e d
h = E f f e c t i v e  H ea t T r a n s f e r  C o e f f i c i e n t  
f o r  th e  system as observed  a t  th e  
in n erm o st s u r fa c e
A = S u rfa c e  a re a  a v a i l a b l e  f o r  t r a n s f e r  
S
A T  = Tem p era tu re  D i f f e r e n t i a l  across  th e  
system.
Subsea p i p e l i n e s  such as a re  c o n s id e re d  i n  t h i s  s tu d y , have  











2 .1 1 :  HEAT TRANSFER SYSTEM FOR A SUBSEA PIPELINE THROUGH











Distance in axiai direction
2 .1 2 :  TEMPERATURE PROFILE IN  A PIPELINE
(FROM: ’’C hem ical E n g in e e r in g  A sp ects  o f  Two-Phase F lo w ”
by DeGance and A t h e r t o n ,  Chem. E n g . , 1 9 7 0 -1 9 7 1 )
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h f f  i s  g iv e n  by th e  r e l a t i o n s h i p :
l n (  r 2 /  r l )  
Kins
1 ( 2 . 4 6 )
where th e  symbols used a r e  as d e f in e d  in  th e  n o m e n c la tu re .  
E q u a tio n s  ( 2 .4 5 )  and ( 2 . 4 6 )  a re  b o th  fu n d a m e n ta l r e l a t i o n ­
sh ips  and t h e i r  d e r i v a t i o n  can be found in  any b a s ic  
t e x t  on th e  s u b je c t .
C o n s id e ra t io n  o f  th e s e  two r e l a t i o n s h i p s  y i e l d s  some 
u s e f u l  g e n e r a l i s a t io n s  c o n c e rn in g  e x p e c te d  te m p e ra tu re  
p r o f i l e s  a lo n g  such p i p e l i n e s .  F ig .  >2.12 i l l u s t r a t e s  th e  
th r e e  p o s s ib le  ty p e s .  F o r lo n g  p i p e l i n e s ,  A i s  la r g e  and 
so is  i n i t i a l l y .  Thus much h e a t  i s  t r a n s f e r r e d  in
th e  i n i t i a l  p o r t i o n  o f  th e  l i n e ,  d e c re a s in g  e x p o n e n t ia l l y  
to  z e ro  tow ards th e  end o f  th e  l i n e  as ^  0 . Flow
i s  t h e r e f o r e  assumed e s s e n t i a l l y  ’’is o th e r m a l"  f o r  such 
a system and th e  te m p e ra tu re  p r o f i l e  a lo n g  th e  l i n e  may 
be re p r e s e n te d  by a r e l a t i o n s h i p  o f  th e  form :
w h ere : Tx i s  th e  f l u i d  te m p e ra tu re  a t  some d is ta n c e
X a lo n g  th e  l i n e .
Under c o n d i t io n s  o f  s t e a d y - s t a t e  f lo w  ( th e  o n ly  case
Tx ® Cx e x p ( - C 2X) ( 2 .4 7 )
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c o n s id e re d  i n  t h i s  s tu d y )  th e  f o l lo w in g  r e l a t i o n s h i p  
a p p l i e s :
- 4 7 T  r ohe f f X~Tx TAMB. +  ^TINLET '  TAMB')exp
O n s cns Qt
where: ,  ( 2 . 4 8 )
(P -P2) J
T —T -{ 1 }-{____1 }
" ® *  E TP TP*Cns. 778
T = T e m p era tu re  o f  f l u i d  a t  d is ta n c e  X from  th e  
x i n l e t .
P n s  P l  +  ^  ’-1^ P g  = Mixture Density
'NS = A  CLCNS = A  +  ^  " A ) C g = M ix tu r e  S p e c i f i c  H eat(C o n s ta n t  P re s s u re )
Q-L = R a t io  d e s c r ib in g  com-
+  Qr  p o s i t i o n  o f  th e  m ix tu re
f o r  a v e ra g in g  o f  p r o p e r ­
t i e s  .
Q l  = Qt +  qg = V o lu m e tr ic  F low R ate
o f  m ix tu r e .
J=JOULE-THOMPSON COEFFIENT(°F/PSI) -  -  -  ( 2 .4 9 )
Tp=Exponential Cceffient in (2.48)
In  th e  r e l a t i o n s h i p s  l i s t e d  above we have assumed an
homogeneous m ix tu r e  o f  l i q u i d  and gas ( t h e  NO-SLIP case
( 2 6 ) )  b e h av in g  as a s in g le  phase w i t h  p r o p e r t i e s  av erag e
o f  th ose  o f  each phase i . e .  p  anc* They a re
t h e r e f o r e  an a p p ro x im a t io n  to  th e  c o n s id e r a b ly  (and
u n j u s t i f i a b l y  f o r  th e  model to  be d e ve lo p e d ) more com plex,
tw o -phase  system .
The te rm  h e f f  had been p r e v io u s ly  d e f in e d  by e q u a t io n
( 2 . 4 2 ) .  A l l  term s o f  t h a t  e q u a t io n  a re  c o n s ta n ts  f o r  the
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p a r t i c u l a r  system  e x c e p t h , th e  tw o -p h ase  h e a t  t r a n s f e r  
c o e f f i c i e n t .  W ith  th e  assum ption  o f  homogeneous f lo w  
we may a ls o  d e f in e  a m ix tu re  th e rm a l c o n d u c t iv i t y  (24 ) 
as :
k ns = ^ k l  +  (1 - - A . )  KG
and a v i s c o s i t y
P *NS =A  H  L +  ^  ^  “ ( 2 .5 0 )
A number o f  e m p i r ic a l  r e l a t i o n s  e x i s t  f o r  tw o-phase  
h e a t  t r a n s f e r  c o e f f i c i e n t s ,  any o f  w h ich  w ould  be e q u a l ly  
v a l i d  f o r  t h i s  m odel. The chosen r e l a t i o n  i s  t h a t  due 
to  N u s s e l t  (2 4 )  f o r  t u r b u le n t  f lo w .  M o d i f ie d  f o r  
tw o-phase  f lo w  ( 2 4 ) ,  i t  ta k e s  th e  f o l lo w i n g  form :
h tp  = 0 . 0 2 3  Kks (ReNS)0 '8 (Pr NS)1/3 -  -  -  ( 2 . 5 1 )
D
w h e r e :
D 2 • r Q ( in s )
ReNS 4 W t/TTD U NS = Two Phase Reynolds No.
WT W. +  Vfc = T o t a l  Mass Flow Rate  





= Two-Phase P r a n d t l  No. 
--------- ( 2 .5 2 )
As p o in t e d  o u t by DeGance and A th e r to n  ( 2 4 ) ,  th e  
v a lu e  o f  h Tp as c a l c u l a t e d  above is  o n ly  a lo w e r  bound
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to  th e  t r u e  v a lu e .  I t s  use i s  j u s t i f i e d  f o r  t h i s  model
on th e  b a s is  o f  i t s  r e l a t i v e  s i m p l i c i t y  and th e  f a c t
t h a t  f o r  an i n s u la t e d ,  subsea p i p e l i n e ,  th e  h t  and
hamb a r e » by e i t h e r  ap p ro ac h , la r g e  r e l a t i v e  to  th e
o t h e r  term s o f  Eq. ( 2 . 4 6 )  and have l i t t l e  e f f e c t  on
th e  c a lc u la t e d  v a lu e  o f  h The dom inant v a r i a b l ee f  f
h e re  i s  K.' and i t s  v a lu e  sh o u ld  be chosen w i t h  c a re ,  m s
Use o f  th e  lo w e r  v a lu e  f o r  bpp g iv e s  a more c o n s e rv a ­
t i v e  system  d e s ig n .
Complete c o n s id e r a t io n  o f  a s p e c ts  (a )  o f  th e  e f f e c t  
o f  h e a t  t r a n s f e r  on p re s s u re  drop p r e d i c t i o n  w ould  
n e c e s s i t a t e  th e  i n t r o d u c t i o n  o f  te m p e ra tu re  as an 
in d e p e n d e n t v a r i a b l e  i n  a l l  our p r e v io u s ly  d e v e lo p e d  
tw o -phase  f lo w  r e l a t i o n s h i p s .  T h is  w ould in v o lv e  
a s e t  o f  n o n - l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s  
in v o lv in g  mass and en erg y  b a la n c e s  as w e l l  as in te r p h a s e  
mass t r a n s f e r  te rm s . S in c e  f o r  a lo n g , in s u la t e d  
p i p e l i n e  system such as c o n s id e re d  in  t h i s  m odel, f lo w  
i s  p ro b a b ly  is o th e r m a l  f o r  most o f  i t s  le n g t h ,  we may 
re a s o n a b ly  ig n o re  a s p e c t  (a )  on th ese  bases w i t h o u t  
s i g n i f i c a n t  lo s s  o f  a c c u ra c y .
P re v io u s  p a ra g rap h s  have o u t l in e d  th e  method o f  
d e te r m in a t io n  o f  th e  te m p e ra tu re  p r o f i l e  a lo n g  th e  l i n e .  
W ith  t h i s  in f o r m a t io n ,  a s p e c t  (b )  i . e .  v a r i a t i o n  o f  
f l u i d  p r o p e r t i e s  w i t h  th e  te m p e ra tu re  can be a d e q u a te ly  
h a n d le d .
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2 . 1 . 7  COMPARATIVE EVALUATION OF AVAILABLE TWO-PHASE PRESSURE 
LOSS PREDICTION METHODS
The p a r t i c u l a r  tw o -ph ase  p re s s u re  lo s s  p r e d i c t i o n  
method chosen f o r  in c o r p o r a t io n  i n t o  our o p t im iz a t io n  
model must be j u s t i f i e d  e i t h e r  on th e  b a s is  o f  i t s  
a c c u ra c y  o r  s i m p l i c i t y  o r  b o th .  W h ile  th e  o v e r a l l  
prob lem  o f  p re s s u re  lo s s  d u r in g  f lo w  in  i n c l i n e d  p ip e s  
has been s tu d ie d  by s e v e r a l  a u th o rs ,  th e r e  a re  v e ry  
few s tu d ie s  com paring th e  " e s t a b l is h e d "  te c h n iq u e s .
A r e c e n t  s tu d y  by Payne e t  a l  (5 1 )  does t h i s ,  
u s in g  a c t u a l  d a ta  o b ta in e d  from  a 550 f t ,  2 i n .  d ia m e te r  
e x p e r im e n ta l  p i p e l i n e  as th e  b a s is  o f  co m parison . The 
r e s u l t s  o b ta in e d  a re  i l l u s t r a t e d  i n  T a b le s  2 .4  and 2 . 5  
th ro u g h  a com parison o f  e r r o r s  i n  p r e d i c t i o n  g iv e n  by  
th e  v a r io u s  methods and c o m b in a tio n  o f  methods.
The a u th o rs  co nclude  t h a t  th e  c o m b in a tio n  o f  Eaton  
ho ldup ( a c c e l e r a t i o n  t e r m ) , D u c k le r  f r i c t i o n  f a c t o r  
( f r i c t i o n  t e r m ) , and F la n ig a n  e l e v a t i o n  f a c t o r  ( e l e v a t i o n  
te rm ) most a c c u r a t e ly  p r e d ic t e d  p re s s u re  l o s s .  F ig .
2 . 1 3  i l l u s t r a t e s  th e  p e rfo rm a n c e  o f  th e  com posite  
method. I t  was chosen as ad eq u ate  f o r  th e  purposes  
o f  t h i s  o p t im iz a t io n  model on t h a t  b a s i s .
Two p o in t s  m ust, how ever, be em phasized i n  t h is  
r e g a rd :
1 . The Payne e t  a l  (5 1 )  s tu d y  was based upon r e s u l t s
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i n  a 2" d ia m e te r  l i n e  w hereas t h i s  w ork  w i l l  in v o lv e  
l a r g e r  d ia m e te r  p ip e s .  The v a l i d i t y  o f  e x t r a p o l a ­
t i o n  o f  tw o -ph as e  c o r r e l a t i o n s  to  p ip e  d ia m e te rs  
l a r g e r  th an  th o s e  used i n  t h e i r  d e r i v a t i o n  i s  a 
m a t t e r  o f  c o n s id e r a b le  d e b a te .  However, l i t t l e  
d a ta  on te c h n iq u e s  have been p u b l is h e d  f o r  l a r g e r  
d ia m e te r  p ip e s  and l i t t l e  c h o ic e  e x i s t s  a t  th e  
p r e s e n t  t im e .
2 . The r e s u l t s  o f  T a b le  2 . 5 i n d i c a t e  some u n d e r ­
p r e d i c t i o n  o f  p re s s u re  lo s s  i n  u p h i l l  s e c t io n s .
U p h i l l  s e c t io n s  w i l l ,  o f  c o u rs e , l a r g e l y  c h a r a c t e r i z e  
an o f fs h o r e  to  sh ore  system  such as i s  c o n s id e re d  
h e r e .
TABLE 2.4
STATISTICS OF EACH METHOD FOR CALCULATING TOTAL PRESSURE DROP
Method S
Beggs and Brill
Beggs and Brill (neglect pressure recovery) 




Eaton (HL). Dukler (FF). Flanigan (EF) TT-fT ' 15T77
Dukler (HL). Dukler (FF), Flanigan (EF) 








Friction factor correlation 
Elevation factor
(FROM: "Evaluation of Inclined Pipe Two-Phase Liquid Holdup and
Pressure Loss Correlations Using Experimental Data" by G. A. 
Payne et al; Paper SPE 6874)
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TABLE 2.5
INDIVIDUAL SECTION STATISTICS USING THE 
EATON HOLDUP, DUKLER FRICTION FACTOR. 
AND FLANIGAN ELEVATION FACTOR
Uohill Sections is m
(1) (3) (5)
HE 3.09 - 3.40 - 5.53 -
s 27.99 28.45 18.37 z -
N 66 64 59 -T
s
Downhill Sections
(2) (4) (6) 7
E -0.297 -0.223 0.164
S 0.501 0.357 0.339 - "
N 70 70 55 ■' -
calculacad val.ua - naaiured valua x 100 
naaauraa vai.ua
\  Z73.OR
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A - MEASURED VS. CALCULATED PRESSURE DROP USING THE 3 _ FREQUENCY OF "E USING THE EATON. DUKLER AND 
EATON, DUXLER AND FLANIGAN COMBINATION. FLANIGAN COMBINATION.
F i g .  2 .1 3
(FROM: "Evaluation of Inclined Pipe Two-Phase Liquid Holduo and
Pressure Loss Correlations Using Experimental Data" bv G. A. 
Payne et a l ; Paper # SPE 6874)
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2 . 1 . 8  COMPRESSION OF TWO-PHASE FLUIDS
I n  o r d e r  to  ' e f f e c t  any d egree  o f  com pression d u r in g  
th e  t r a n s m is s io n  o f  tw o -phase  f l u i d s ,  a t  l e a s t  te m p o rary  
s e p a r a t io n  i n  th e  r e g io n  o f  th e  f a c i l i t y . i s  r e q u i r e d .
The f lo w  s tre am  is  th e n  s p l i t ,  gas go ing  th ro u g h  th e  
com pressors and l i q u i d  b y p a s s in g  them. Downstream o f  
th e  compressors th e  stream s may o r  may n o t  be m ixed  
a g a in .  F i g .  ( 2 .1 4 )  Ma" th ro u g h  " d M i l l u s t r a t e s ,  
s c h e m a t ic a l ly ,  some o f  th e  more p o p u la r  a rra n g e m e n ts .
— K B  ^  ( c
S = SEPARATOR 
(a )
+-©■  © * -
L - © — ► -
C = COMPRESSOR P= PUMP
(b ) (c )




F IG . ( 2 . 1 4 )
(a )  and (b ) : Here gas and condensate  a re  r e c e iv e d
a t  th e  p l a t f o r m  and th e  phases a re  im m e d ia te ly  s e p a ra te d .  
The gas i s  compressed and th e  l i q u i d  bypasses th e  
com pressors . Condensate is  r e i n j e c t e d  downstream o f  
th e  com pressor d is c h a rg e ,  thus r e s t o r i n g  tw o-phase  
f lo w  a lo n g  th e  l i n e .
TRUDEAU (6 6 )  d e s c r ib e s  such a system  used in  th e  
V e r m i l io n  A re a  o f  o f f s h o r e  L o u is ia n a .  Th ere  th e  s e p a ra to rs
ER-2180 74
a re  s im p le  gas sc ru b b e rs  w i t h  th e  l i q u i d  f lo w in g  by 
g r a v i t y  i n t o  co ndensate  s to ra g e  ta n k s .  A t th e  ta n k s ,  
p r o p o r t io n a l  l e v e l  c o n t r o l l e r s  r e g u la t e  th e  f lo w  o f  
condensate  b e in g  pumped to  th e  l i n e .
O p t io n  (b ) i s  used i n  cases where some l i q u i d  
pumping i s  n e c e s s a ry .
( c) : H ere  no re m ix in g  o f  th e  f l u i d s  i s  a t te m p te d .
F lu id s  a re  to  f lo w  a lo n g  s e p a ra te  l i n e s  to  sh o re .
( d  ) : T h is  a rran g em en t p e rm its  ’’s p h e r in g  o f  th e
l i n e . "  In  t h a t  o p e r a t io n  ru b b e r  spheres a re  used  
i n t e r m i t t e n t l y  to  sweep o u t  l i q u i d s  a lo n g  th e  l i n e .
Van Leerdam ( 6 8 ) suggests  b y p a s s in g  o f  th e  compressor  
s t a t i o n  by th e  l i q u i d  s lu g  u s in g  a s u i t a b l e  p ip in g  
a rra n g e m e n t.  I n s t a l l a t i o n  o f  s lu g  c a tc h e rs  a t  th e  
com pressor s t a t i o n  i s  r e q u i r e d .  A g a in  th e  o p t io n  o f  
re m ix in g  th e  phases o r  n o t ,  e x i s t s .
When is  com pression n e c e s s a ry  o r  e c o n o m ic a l ly  
j u s t i f i e d  in  an o f fs h o r e  t r a n s m is s io n  system? Van 
Leerdam ( 6 8 ) comments t h a t  an economic b a la n c e  must 
be made betw een th e s e  f a c t o r s :
1. The c o s t  o f  th e  p i p e l i n e  i n s t a l l a t i o n  suggests  
use o f  th e  h ig h e s t  p o s s ib le  o p e r a t in g  p re s s u re  f o r  th e  
p a r t i c u l a r  p ip e  d im ensions ( i . e .  1007o lo a d in g ) .
2. The d e c is io n  to  use com pression im p l ie s  th e  
need f o r  one o r  more c o m p re s s io n /s e p a ra t io n  p la t f o r m s .
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These a re  e x p e n s iv e  and may exceed $45 m i l l i o n / 1 0 0  f t .  
h e i g h t .
3 . Compression can be t ra d e d  a g a in s t  a commensurable  
p ip e  d ia m e te r  in c r e a s e .  I t  i s  suggested  t h a t  one such 
c o m p re s s o r /s e p a ra to r  system  may be e q u iv a le n t  to  as
much as 1000 m i le s  o f  a 4 i n .  in c re a s e  i n  d ia m e te r  i f  
$ 4 5 , 0 0 0 / i n - m i l e  p ip e  l i n e  c o s t  i s  assumed. Such s t a t io n s  
a re  t h e r e f o r e  seldom e c o n o m ic a l ly  j u s t i f i a b l e .
4 . I f  th e  l i n e  a l r e a d y  has th e  maximum f e a s i b l e  
d ia m e te r ,  how ever, th e  b a la n c e  i s  betw een one l i n e  p lu s  
com pression f a c i l i t i e s  and two l i n e s .  In  such a case  
com pression may be f e a s i b l e .
A t f i r s t  g la n c e ,  th e  o p t io n  o f  s p h e r in g  o f  th e  l i n e  
seems most a t t r a c t i v e .  However, two v e r y  r e a l  problem s  
e x i s t  f o r  o f f s h o r e  i n s t a l l a t i o n s :
1. R ea l ad van tag e  i s  o n ly  r e a l i z e d  where s t r a t i f i e d  
f lo w  c o n d i t io n s  e x i s t ;  a t  low l i q u i d / g a s  r a t i o s  ( i . e .  ^£100  
b b ls /M M S c f)  a n d /o r  v e r y  h i l l y  t e r r a i n  a lo n g  th e  r o u t e .
2 . The o p e r a t io n a l  and t e c h n ic a l  d i f f i c u l t i e s  
e x p e r ie n c e d  in  th e  e v e n t  o f  any p ro b lem  w i t h  th e  passage  
o f  th e  spheres i n  th e  o f fs h o r e  e n v iro n m e n t can be 
trem endous. The c o s t  o f  r e c t i f i c a t i o n  can be p r o h i b i t i v e .
O vid  B a k e r ( 2 6 )h a s  d e s c r ib e d ,  in  d e t a i l ,  a method  
o f  d e s ig n in g  p i p e l i n e s  f o r  m u lt ip h a s e  f lo w  where s p h e r in g
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i s  p la n n e d . The method i s  complex b u t p ro v id e s  u s e f u l  
in f o r m a t io n  on in c re a s e d  gas c a p a c i ty  o f  th e  l i n e  as a 
r e s u l t  o f  ’’s p h e r in g ."  W h ile  th e  method w i l l  n o t  be 
d e r iv e d  h e re ,  F ig .  2 .1 5  i s  an i l l u s t r a t i o n  o f  th e  c h a r t  
p re p a re d  by Baker f o r  p r e l i m i n a r y  i n v e s t i g a t i o n  o f  th e  












LIQUID ENTERING PIPELINE BBLS/UMSCF
0.10.01
F IG . 2 .1 5 :  EFFECT OF SPHERES IN  MULTIPHASE PIPELINES ON
GAS P IPELINE EFFICIENCY
(FROM: "R esearch  R e s u l ts :  G a s -L iq u id  F low  in  P ip e l in e s "
by A. E. D u c k le r )  May 1969
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D u c k le r  (2 6 )  has suggested  an a p p ro x im a te  r e l a t i o n s h i p  
f o r  d e te rm in in g  p re s s u re  drop u s in g  F ig .  2 .1 5 .  I t  i s :
P = L<5G2 7 TZG . f  -  -  -  ( 2 .5 3 )
---------- 5~s--------- T2 x 10 D P^Vg _ Zp
where
L • = Leng th  o f  l i n e  ( f t . )
Qq = Gas f lo w  r a t e  (M S c f/D )
- Gas S p e c i f i c  G r a v i t y
T = F lo w in g  T e m p era tu re  (°R )
f  = F r i c t i o n  f a c t o r  f o r  gas phase
Ep = F r a c t i o n a l  p i p e l i n e  e f f i c i e n c y  o b ta in e d
from  F i g . 2 .1 5
Where s e p a r a t io n  and com pression have been deemed 
n e c e s s a ry ,  w e l l  e s t a b l is h e d  r e l a t i o n s h i p s  between f lo w  
r a t e ,  b ra k e  ho rse  power and com pression r a t i o  may be 
used to  d e te rm in e  th e  r e q u i r e d  ho rsepo w er. G e n e r a l ly ,  
a c h o ic e  betw een a c e n t r i f u g a l  o r  a r e c ip r o c a t in g  
com pression  system  e x i s t s .
FOR CENTRIFUGAL COMPRESSORS
I n l e t  Mass F low  R a te  ( l b / m i n )  =
( 0 G1) (  M ) ( P 1 ) ( 1 4 4 )
( 1 5 4 5 ) ( T 1 ) ( ' Z g i  )
Or W. = ( 0 .0 9 3 2 )  ( Qn  ) ( M ) ( P . )
1 ^  1 -  -  -  ( 2 . 5 4 )
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Assuming an i s e n t r o p i c  ( r e v e r s i b l e ,  a d i a b a t i c ,
c o n s ta n t  e n tro p y  ) co m p ress ion , a d ia b a t ic  head i s :
K' -  1
H ad “ z GA V G . RT1 f PD \
■Kv —  ( 2 .5 5 )
(K1 -  1) /K 1 l PS )
-1
The c o rre s p o n d in g  h o rsepow er:  
Ghp = • Hacj
 ( 2 .5 6 )
Ead . 3 3 ,0 0 0
B rake horsepow er i s  c a lc u la t e d  fro m  gas horsepow er  
by add ing  b e a r in g  and s e a l  lo s s e s :
Bhp Ghp 4- 50
■ W Had +  50.
OR
Ead . 3 3 ,0 0 0
.0 9 3 2  Qr . M . P, 
 ^ 1  1
T l - ZG iEad 3 3 ■000 
k ' -  1 1
1544
M
ZAVG * T 1 . 
( K 1 -  1 ) / K '
K'
- 1 4- 50
,-3HP = Bhp -  50 = 4 .3 6 1  x 10“ J QG l V gavg
Zp Ead K ’ -  1 / K ’
P2 1





  ( 2 .5 7 )
w h e re :
ZG = ZG +  Z G
AVG. INLET OUTLET
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1544 = gas c o n s ta n t
M
I n l e t  gas volume ( c f  /  m) a t  
i n l e t  c o n d i t io n s
A d ia b a t ic  Exponent = Cp /  Cv
M e c h a n ic a l  E f f i c i e n c y
I n l e t  C o n d it io n s  
D is c h a rg e  C o n d it io n s  
S u c t io n  C o n d it io n s
FOR RECIPROCATING COMPRESSORS
H .P .  = Qq 1 . T 1:Zg .GC
1 1 . 9 . F (K* -  1) /K '
K ' - l K ' - l .
Ps -1+  M
- - ( 2 . 5 8 )
w h e re : M
t / r,G 1
IV -  1 .(JE° -  1
2K1 -1 \ 2G
i
O th e r  symbols as p r e v io u s ly  d e f in e d .
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2 . 2 ; STATIC STRUCTURAL REQUIREMENTS OF THE SUBSEA SYSTEM
Under t h i s  g e n e r a l  h e a d in g , fo rc e s  w h ich  th e  p i p e ­
l i n e  must w i t h s t a n d  subsequent to  i t s  i n s t a l l a t i o n  and 
d u r in g  use a re  examined i n  some d e t a i l .  F ig .  2 .16  
i l l u s t r a t e s  th e  fo rc e s  to  w h ich such an u n b u r ie d  p i p e ­
l i n e  i s  s u b je c te d .  The o b j e c t i v e  th e n  is  to  d e te rm in e  
th e  s t r u c t u r a l  re q u ire m e n ts  w i t h  r e g a rd  to  th ic k n e s s e s  
o f  p ip e  w a l l  and cem ent, d e n s i t y  o f  cement m a t e r i a l ,  
y i e l d  s t r e n g t h  and d ia m e te r  o f  p i p e l i n e  e t c . ,  such 
t h a t  th e  p i p e l i n e  system is  s t a b le  and f a i l - s a f e  in  
i t s  p r o s p e c t iv e  e n v iro n m e n t.
I n  o rd e r  t h a t  th e  d e r iv e d  model be r e a l i s t i c  y e t  
n o t  o v e r ly  d e t a i l e d ,  th e  f o l lo w i n g  assum ptions have  
been made abou t th e  d i s p o s i t i o n  o f  th e  i n s t a l l e d  
system:
1 . The p i p e l i n e  f o r  i t s  e n t i r e  le n g th  is  cement 
c o a te d  and in  d i r e c t  c o n ta c t  w i t h  th e  sea f l o o r ,  b u t  
i s  u n b u r ie d .  B u r i a l  is  re g a rd e d  h e re  as a prob lem  
r e q u i r i n g  a s u b s id ia r y  o p t im iz a t io n  r o u t in e  i f  j u s t i c e  
is  to  be done to  i t s  im p o rta n c e  where n e c e s s a ry .
2. The s o i l  upon w h ich  th e  system r e s t s  is  a s ­
sumed com petent w i t h  no tendency to  f l u i d i z e ,  shear  
o r  erode under e x i s t i n g  c u r r e n t  and w e ig h t  c o n d i t io n s .  
B r i e f l y ,  th e  s o i l s  a re  assumed s t a b le .
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Internal pressure I K
■ Horizontal hydrodynamic inertia
■ Hydrodynamic drag
• Horizontal bottom friction
• Soil reaction on pipe
■ Weight of pipe contents 
» Weight of steel pipe
• Weight of coat and wrap
■ Weight, of concrete Jacket
■ Weight of marine growth -Jassumed negligiblej
F i g .  2 .1 6 :  From OGJ A pr. 26 , 1971 Pg 75
J u s t i f i c a t i o n  f o r  t h i s  assum ption  l i e s  i n  th e  f a c t  
t h a t  o p t im a l  system  d im ensions and w e ig h t  w i l l  n o t  be  
a f f e c t e d  by th e  p resen ce  o f  u n s ta b le  s o i l s ,  b u r i a l  may 
be deemed n e c e s s a ry  in  such a case . O p t im a l "s p an ” 
le n g t h  w i l l  be a f f e c t e d  b u t n o te  assum ptions (1 )  above  
and (3 )  b e lo w .
3 . The p i p e l i n e  system is  re g a rd e d  as c o n tin u o u s  
a lo n g  i t s  e n t i r e  le n g t h .  The p r o b le m s 'o f  span le n g th  
o p t i m i z a t i o n ,  j o i n t  s t r e n g t h  and w e ld  f a t i g u e  a re  n o t  
s tu d ie d  h e re .
4 . Problems o f  v o r t e x  shedding and consequent  
l a t e r a l  p i p e l i n e  v i b r a t i o n  a re  n o t c o n s id e re d .
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5. I n e v i t a b l e  m a rin e  grow th a c c u m u la t io n  is  
assumed to  have l i t t l e  e f f e c t  on subsequent p i p e l i n e  
s t a b i l i t y .  I t s  w e ig h t  is  assumed n e g l i b i b l e .  I t  is  
known however to  d e c re a s e  l i f t  fo rc e s  and in c re a s e  
drag f o r c e s .
6. A n t i - c o r r o s i o n  co a t and wrap w h i le  h a v in g  
some w e ig h t  is  assumed to  have n e g l i g i b l e  th ic k n e s s .  
2 . 2 . 1 :  WORKING PRESSURE REQUIREMENTS FOR PIPELINE
Maximum w o rk in g  p re s s u re  ( i . e .  maximum o p e r a t in g  
p re s s u re )  re q u ire m e n ts  f o r  a p a r t i c u l a r  p i p e l i n e  s y s ­
tem a re  u s u a l ly  based on a code iss u e d  by THE AMERICAN
SOCIETY OF MECHANICAL ENGINEERS (ASME), i . e . ,  th e  ASA!
B 3 1 .1  CODE. The code d e t a i l s  d e s ig n  p re s s u re  l i m i t a ­
t io n s  as a f u n c t io n  o f  s t e e l  q u a l i t y ,  ty p e  o f  w e ld  and 
ty p e  o f  c o n s t r u c t io n  ( 2 )  and a s u i t a b l e  d e s ig n  fo rm u la  
i s  p r o v id e d .
The d e s ig n  fo rm u la  s p e c i f i e d  by th e  code is  t h a t  
used to  c a l c u l a t e  th e  i n t e r n a l  y i e l d  p re s s u re  f o r  p ip e ,  




FET -  -  -  ( 2 .5 9 )
w here F = C o n s tr u c t io n -T y p e  D es ign  F a c to r  
E = L o n g i t u d i n a l - J o i n t  F a c to r  
T = T e m p e r a tu re -D e r a t in g  F a c to r
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Fo r a system  such as d e s c r ib e d  h e r e in ,  F = 0 .7 2  
(o f f s h o r e  s y s te m ); E = 0 .8  ( f u s io n  w e ld e d ) ;  T = 1 .0  
( <  2 5 0 ° ) .  See (3  )
T h e n :
Y t"
- 2 —   ( 2 .6 0 )PW0RK 1 ' 152
Do
2 . 2 . 2 :  COLLAPSE PRESSURE REQUIREMENTS FOR PIPELINE
Four p o s s ib le  ty p es  o f  c o l la p s e  f o r  p ip e  ( i . e .  
lo n g , c i r c u l a r ,  c y l i n d r i c a l  s h e l l s )  under th e  e f f e c t s  
o f  u n i fo rm  RADIAL p re s s u re  a re  re c o g n iz e d  in  t h e o r e ­
t i c a l  s t r e s s  a n a l y s i s .  They a re  (a )  y i e l d  s t r e n g t h
(b ) p l a s t i c  c o l la p s e  (c )  t r a n s i t i o n  c o l la p s e  (d )  
e l a s t i c  c o l la p s e .  A l l  r e s u l t  in  c i r c u m f e r e n c ia l  
b u c k l in g  and th e  p a r t i c u l a r  ty p e  to  be e x p e c te d  f o r  a 
p i p e l i n e  system  depends p r i m a r i l y  on m a t e r i a l  p r o p e r ­
t i e s  ( g r a d e ) , d ia m e t e r / t h ic k n e s s  r a t i o  and o u t - o f -  
roundn ess . The A PI ( 2 )  recommended m a th e m a t ic a l  
r e l a t i o n s h i p s  f o r  p r e d i c t i o n  o f  t h e i r  v a lu e s  a re  summed 
in  T a b le  2 . 6 .
The y i e l d  s t r e n g t h  c o l la p s e  p re s s u re  is  u s u a l ly  
assumed g r e a t e r  th a n  o r  e q u a l to  th e  e x t e r n a l  p re s s u re  
w h ich  w ould g e n e ra te  minimum y i e l d  s t re s s  on th e  in s id e  
w a l l  o f  th e  p ip e .  I t  is  d e te rm in e d  u s in g  th e  c l a s s i c a l  
Lame' E q u a t io n  w h ich  has a p u r e ly  t h e o r e t i c a l  d e r i v a ­
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oo ©  co ©  cc r .̂ i r> v  cm r *  G  f f 1 ©  (C i T ^  r o cm 
r 5 n n n c > i M { j ( v e j c v c ^ ’ “ ’ - - * - - ^ ,“
O o
s o
t o  O  CO
w
UJ z  


















































c o l la p s e  w i l l  occur a t  th e  lo w e s t ran g e  o f  D ia m e te r /  
T h ick n es s  r a t i o s .
The p l a s t i c  c o l la p s e  p re s s u re  can be d e r iv e d  
t h e o r e t i c a l l y  by m o d ify in g  th e  modulus used f o r  p u r e ly  
e l a s t i c  b e h a v io r  H o lm q u is t  and N ad a i (1 9 3 9 ) ;  a ls o  
C l in e d in s t  ( 1 9 3 9 ) .  The API (2 ) how ever, recommends 
r e l a t i o n s h i p s  based on a s t a t i s t i c a l  r e g r e s s io n  a n a ly ­
s is  o f  2488 c o l la p s e  t e s t s  on t h r e e  grades o f  seamless  
c a s in g . T r a n s i t i o n  C o l la p s e  p re s s u re  r e l a t i o n s h i p s  
b r id g e  th e  gap in  w h ich  th e r e  is  n o n - i n t e r s e c t i o n  o f  
th e  p l a s t i c  and e l a s t i c  c o l la p s e  r e l a t i o n s h i p s .  The 
more "used" o f  th e  above m ention ed  r e l a t i o n s h i p s  a re  
summarized in  T a b le  2 . 4 .
E l a s t i c  c o l la p s e  p re s s u re s  have been th e  most 
s tu d ie d  thus f a r  and many t h e o r e t i c a l l y  as w e l l  as 
e x p e r im e n t a l ly  d e r iv e d  r e l a t i o n s h i p s  have been pub­
l i s h e d .  The most used t h e o r e t i c a l  r e l a t i o n s h i p  and 
t h a t  recommended by th e  API ( 2 )  is  one due to  C l i n e ­
d in s t  ( 1 7 ) .  (See T a b le :  2.6 ) T h is  was d e r iv e d  u s in g  
t h i n - s h e l l  th e o r y  and assuming lo n g  c y l in d e r s  o f  p e r ­
f e c t l y  c i r c u l a r  c r o s s - s e c t io n a l  a re a s .  I t  i s  t h e r e ­
f o r e  n o t  v e r y  a p p l ic a b l e  to  la r g e  d ia m e te r / th ic k n e s s  
p ip e s .  S e v e ra l  o t h e r  r e l a t i o n s h i p s  w h ich  c o n s id e r  o u t -  
o f-ro u n d n e s s  in  t h e i r  developm ent have been p u b l is h e d .
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U n f o r t u n a t e ly ,  as p o in te d  out by Bynum ( 1 7 ) ,  
many d is c r e p a n c ie s  betw een th e  p r e d ic t io n s  g iv e n  by 
th e  t h e o r e t i c a l l y  d e r iv e d  fo rm u la e  and a c t u a l  e x p e r i ­
ence have been fo und . These a re  p a r t i c u l a r l y  a c u te  
a t  low d ia m e t e r / t h ic k n e s s  r a t i o s  and a re  b e l ie v e d  due 
to  th e  o u t -o f - r o u n d n e s s  or e c c e n t r i c i t y  e f f e c t  w h ich  
i s ,  more o f t e n  th a n  n o t ,  u n p r e d ic t a b le .  To c o u n te r ­
a c t  t h i s ,  many r e l a t i o n s h i p s  have been d eve lo ped  w h ich  
f i t  e x p e r im e n ta l  d a ta  up to  th e  y i e l d  s t r e s s  o f  th e  
p a r t i c u l a r  m a t e r i a l .  These r e l a t i o n s h i p s  have been  
found most r e l i a b l e  f o r  use o v er  th e  e n t i r e  ran g e  o f  
d ia m e t e r / t h ic k n e s s  r a t i o s  thus e l i m i n a t i n g  th e  need  
f o r  s e p a ra te  y i e l d  s t r e n g t h ,  p l a s t i c  and e l a s t i c  
c o l la p s e  r e l a t i o n s . One such r e l a t i o n s h i p  w i l l  be used  
i n  th e  developm ent o f  t h i s  m odel.
Bynum (1 7 )  recommends th e  r e l a t i o n s h i p  due to  
S o u th w e ll  (1 9 1 5 )  as b e in g  most r e l i a b l e  f o r  subsea  
p i p e l i n e  system s. T h is  w i l l  be used in  th e  f o l lo w in g  
form :
( 2 .6 1 )
CR NE +  (Jy NJ (1  -  V ) 
where N = 2.
PrT3 = The c r i t i c a l ,  u n i fo rm ,  r a d i a l  p re s s u re  a t
w h ich  f a i l u r e  o c c u rs , p s i .
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In  th e  case o f  subsea p i p e l i n e  systems, t h i s  
u n ifo rm  r a d i a l  p re s s u re  is  t h a t  due to  h y d r o s t a t i c  
p re s s u re  and is  g iv e n  by:
PHYD = 14 5  '  '  '  ( 2 - 62 )
where H = maximum depth  o f  w a te r  to  c e n te r  o f  
p i p e l i n e ,  f t .
2 . 2 . 3 :  SUBSEA STABILITY REQUIREMENTS FOR PIPELINE
Subsequent to  i n s t a l l a t i o n ,  th e  p i p e l i n e  must 
be a b le  to  w i t h s t a n d  bo th  dynamic and s t a t i c  th e  
fo rc e s  to  w h ich  i t  i s  s u b je c te d  on b o tto m , f o r  i t s  
p la n n e d  l i f e t i m e ,  w i t h o u t  b e in g  o v e r s t r e s s e d  c a u s in g  
u l t i m a t e  f a i l u r e .  The system must t h e r e f o r e  be de­
s ig n e d  f o r  b o th  dynamic and s t a t i c  s t a b i l i t y  under  
w o rs t  p o s s ib le  c o n d i t io n s .  In  t h i s ,  a c a r e f u l l y  de­
s ig n e d  c o n c re te  c o a t in g  p la y s  a m a jo r  r o l e  a c t in g  as 
an i n s u l a t i o n ,  p r o t e c t i o n  and s t a b i l i z e r .
S t a t i c  s t a b i l i t y  f o r  th e  system c o n s id e re d  im­
p l i e s  a d ry  w e ig h t  i n  excess o f  th e  a n t i c i p a t e d  nega­
t i v e  buoyancy. A l t e r n a t i v e l y ,  th e  system must possess  
a POSITIVE submerged w e ig h t ,  i n  th e  absence o f  c u r ­
r e n t s ,  i f  i t  is  to  re m a in  on b o tto m . In  o rd e r  to  
ex press  t h i s  i n  a s u i t a b l e  m ath em atica l fo rm , th e  f o l l o w  
in g  r e l a t i o n s h i p s  a re  n e c e s s a ry :  (Symbols d e f in e d  in
n o m e n c la tu re . )
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W eig ht o f  P ip e  = = 1 0 .6 8  (D +  t D) t p  -  -  -  ( 2 .6 3 )
( l b s / f t )  F F
T h is  is  an e m p i r ic a l  fo rm u la  and is  th e  s ta n d a rd
r e l a t i o n s h i p  endorsed by th e  A P I.
W eig h t o f  Coat and Wrap (Wr  ) = X l b s / f t  ( N e g l i g i b l e
l R
th ic k n e s s )  -  -  -  ( 2 .6 4 )
W eig ht o f  C o n c re te  C o a tin g  = Wr = T T P c  r 
( l b s / f t )  u 144 cc
• (D +  2 tp+ cc)
= .02 18 2  O  t c (D +  2 tp + t c ) -  -  -  ( 2 . 6 5 )
T h is  r e l a t i o n s h i p  is  d eve lop ed  from  b a s ic  a r e a l  
c o n s id e r a t io n s .
W e ig h t o f  f l u i d  c o n te n ts  o f  p ip e  (W^,) = 7TD / 4  •p 'pp
= .7 8 5 4  T>2 p  Tp --------- ( 2 . 6 6 )
. . Dry w e ig h t  o f  system  (c o a te d  p ip e )  -
( l b s / f t )
Wp +  wc +  wF +  WCr
= 1 0 .6 8  (D +  t )  t  +  0 .0 2 1 8 2  f  t  (D +  2 tp +  cc
+ X + . 7 8 5 4  D2 £ Tp --------- ( 2 .6 7 )
S t a t i c  s p e c i f i c  g r a v i t y  o f  system  
Wp + Wc + WF + WCR
W eig h t o f  w a te r  d is p la c e d
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J l O  . 6 8 ( D + t p ) t p+0 . 02 182 p  c t c ( D  +  2 t p  +  t c ) +  X  + . 7 85 4D2^Tpj  
[. 7 8 5 4  ( D  +  2 t  +  2 t c ) 2 p  SW1
L J  ( 2 . 6 8 )
Which is  t r u e  by th e  d e f i n i t i o n  o f  s p e c i f i c  g r a v i t y
S t a t i c  submerged w e ig h t  = wf +wp +wc+wcr
-W e ig h t  o f  w a t e r  d is p la c e d  ( l b s / f t )
S
o r  Wg=
£ l 0 . 6  8 ( D + t p ) t p + 0 . 0 2  1 8 2 9 c t c ( D + 2 t p + t c ) + X + . 7 8 5 4 D 2 f T p
- 0 . 7 8 5 4 ( D + 2 t p + 2 t c ) 2 p  s w j-------------------------------- -----( 2 . 6 9 )
The r e q u i r e d  c o n d i t io n  f o r  s t a t i c  s t a b i l i t y  can 
t h e r e f o r e  be w r i t t e n  a s :
WCR + Wp + Wp + WC >  W e ig h t o f  w a te r  d is p la c e d  
o r  :
[. 78 5 4 D 2 ?  T p  +  1 0 . 6 8 ( D  +  t p ) t p  +  0 . 0 2 1 8  2 9 c t c . ( D  +  2 t p  +  t c ) + x l
>  [0 . 7 8 5 4 ( D + 2 t p + 2 t p + 2 t c ) 2 ^  s w j -----( 2 . 7 0 )
Dynamic s t a b i l i t y  in v o lv e s  s t a b i l i t y  i n  c u r r e n t  
c o n d i t io n s  f o r  th e  system . F ig .  2 .1 6  i l l u s t r a t e s  
th e  dynamic and s t a t i c  fo rc e s  to  w h ich  th e  p i p e ­
l i n e  i s  s u b je c te d .  The p r im a ry  c o n s id e r a t io n s  f o r  
dynamic s t a b i l i t y  a re  (a )  s l i d i n g  and (b ) u p l i f t  
due to  drag  and l i f t  fo rc e s  r e s u l t i n g  from  th e  
passage o f  c u r r e n ts  o v e r  th e  p i p e l i n e  system.
The fo rc e s  and t h e i r
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e f f e c t s  a re  i n t e r r e l a t e d  i n  t h a t  h o r i z o n t a l  s t a b i l i t y  
can be a c h ie v e d  by e n s u r in g  t h a t  th e  submerged w e ig h t  
o f  th e  system  (as d e f in e d  p r e v io u s ly )  t im es  th e  p i p e -  
s o i l  f r i c t i o n  f a c t o r  ( t h i s  p ro d u c t s p e c i f i e s  th e  
e f f e c t i v e  r e s is t a n c e  to  d rag  o f  th e  p i p e l i n e  system) 
exceeds drag and i n e r t i a l  fo rc e s  c r e a te d  by c u r r e n t s .  
E xpressed  as a m a th e m a t ic a l  r e l a t i o n s h i p ,  t h i s  s t a t e s  
t h a t :
SUBMERGED WEIGHT x FRICTION FACTOR ^  (INERTIAL FORCE)HQ„ 
+  DRAG FORCE
  ( 2 . 7 1 )
V e r t i c a l  s t a b i l i t y ,  s i m i l a r l y ,  has th e  f o l lo w in g  
r e q u i r e m e n t :
SUBMERGED W E I G H T L I F T  FORCE + (IN ER TIA L FORCE)
  ( 2 . 7 2 )
A c o n s id e r a b le  amount o f  e x p e r im e n ta l  work has 
gone in t o  th e  d e te r m in a t io n  o f  r e l a t i o n s h i p s  s u i t a b l e  
f o r  p r e d i c t i o n  o f  n u m e r ic a l  v a lu e s  f o r  term s o f  th e  
e q u a t io n s  above, ( 2 . 7 1  and 2 . 7 2 ) .  Each te rm  w i l l  now 
be exam ined i n  some d e t a i l .
A n o th e r  approach  used by some a n a ly s ts  to  th e  
prob lem  o f  bo tto m  s t a b i l i t y  d e te r m in a t io n  is  th ro ug h  
th e  use o f  th e  s t a t i c  and dynamic s p e c i f i c  g r a v i t y  
c o n c e p ts . The s t a t i c  s p e c i f i c  g r a v i t y  o f  th e  p i p e l i n e
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system  has been p r e v io u s ly  d e f in e d  (See E q . 2 . 6 8 ) .
As was n o te d  t h e r e , t h i s  was d e f in e d  in  term s o f  ze ro  
c u r r e n t  c o n d i t io n s .  W ith  in c r e a s in g  bo ttom  c u r r e n t ,  
a l i f t  f o r c e  i s  g e n e ra te d  (d is c u s s e d  e a r l i e r ) , th e  
n e t  submerged w e ig h t  d e creases  and th e  e f f e c t i v e  
s p e c i f i c  g r a v i t y  is  d e creas ed . T h is  e f f e c t i v e  s p e c i ­
f i c  g r a v i t y  i s  th e  dynamic s p e c i f i c  g r a v i t y .  M a th e ­
m a t i c a l l y  i t  may be d e f in e d  as f o l l o w s :
^ - r -  •*. Submerged w e ig h t  ( i n  c u r r e n t )
Dynamic s p e c i f i c  g r a v i t y  = W eigg t  o£ w| g S r V i s ~p1'aced"^
= Dry W eig h t -  buoyancy -  l i f t  -  v e r t i c a l  i n e r t i a  
W eig h t o f  w a te r  d is p la c e d
  ( 2 . 7 3 )
A l l  term s o th e r  th e n  l i f t  and v e r t i c a l  i n e r t i a  have  
been p r e v io u s ly  d e f in e d .  These two term s w i l l  be 
examined in  d e t a i l  i n  subsequent s e c t io n s .
A graph such as i l l u s t r a t e d  in  F ig .  2 .1 7 A  p e rm its  
stu dy  o f  th e  i n t e r a c t i o n  o f  c u r r e n t  s t r e n g t h  and 
dynamic and s t a t i c  s t a b i l i t y  f o r  a p a r t i c u l a r  p i p e l i n e  
system . The h o r i z o n t a l  a x is  is  th e  s t a t i c  s p e c i f i c  
g r a v i t y  v a r i a t i o n  w i t h  w e ig h t /d im e n s io n s . The v e r t i ­
c a l  a x is  where th e  dynamic S.G.  = 1 . 0 0  is  th e  locus  
o f  p o in t s  o f  dynamic i n s t a b i l i t y  f o r  system o f  v a r y ­
in g  w e ig h ts /d im e n s io n s  ( l i f t  o f f ) . L in e s  s lo p in g  
downwards to  th e  l e f t  a re  th e  lo cu s  o f  p o in ts  o f  s t a t i c
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i n s t a b i l i t y  ( s l i d i n g )  f o r  d i f f e r e n t  p i p e / s o i l  f r i c t i o n  
f a c t o r s . Through use o f  r e l a t i o n s h i p s  such as th e s e  
th e  minimum r e q u i r e d  s p e c i f i c  g r a v i t y  f o r  dynamic and 
s t a t i c  s t a b i l i t y  under e x i s t i n g  e n v iro n m e n ta l  c o n d i ­
t io n s  can be d e te rm in e d .
m  m  Slfflt lU K Ii'r  
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F ig .  2 . 1 7 A  
From: OGJ, A pr. 26 , 1971, P g . 75
The minimum s t a t i c  s p e c i f i c  g r a v i t y  r e q u i r e d  f o r  






s A > sw
T 7 S
4 .  S
-TT e sw (D +  2 t  +  2 t c)
  (2.74)
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I n  cases where a good p r e l i m in a r y  e s t im a te  of SG
can be made ( e i t h e r  on th e  b a s is  o f  p a s t  e x p e r ie n c e  o r  
from  t a b u l a t e d  v a l u e s ) , a minimum c o n c re te  th ic k n e s s  
can be ex press ed  as:
t c
' 1.273 Wg ' 1 / 2
1SGIsM -  P t P/
-  (D +  2 t )   ( 2 . 7 5 )
(a )  F r i c t i o n  F a c to r  D e te rm in a t io n
The l o n g i t u d i n a l  s o i l  fo rc e  a c t in g  on a p i p e l i n e  




N - - -  ( 2 . 7 6 )
w here pdA = N = T o t a l  norm al s o i l  r e a c t i o n
a J
on th e  p ip e  s u r fa c e  ( lb s )  
and y(/p = r e q u i r e d  c o e f f i c i e n t  o f  f r i c t i o n  
(dimens io n le s s )
A r e c e n t  e x p e r im e n ta l  s tud y  by L ig o n  e t  a l  (4 0 )  
p ro v id e s  in f o r m a t io n  on th e  v a r i a t i o n  o f  jLLp w i t h  c o a t ­
in g  ty p e ,  n a tu r e  o f  th e  s o i l  and i t s  m o is tu re  c o n te n t .  
The a u th o rs  used th e  two most common c u r r e n t l y  used  
c o a t in g  ty p e s  in  th e  in d u s t r y  f o r  t h e i r  d e t e r m in a t io n .  
The r e s u l t s  a re  summarized in  T a b le  2 . 7  be low :
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T a b le  2 . 7
C o a tin g  Type
S o i l  Type M o is tu re
C o a l T a r  
F e l t
T h i n f i l m  
. Epoxy
C o n ten t
%
F r i c t i o n  
F a c to r ,  pp
F r i c t i o n  
Factor,p i F
Sandy S i l t  ) 
S i l t y  Sand ) 1 3 . 7 0 . 9 1 0 . 7 1
S i l t 6 . 3 3 0 . 8 0 0 . 6 1
S i l t y  Sand 7 . 5 2 0 . 7 6 0 . 6 0
S i l t y  Sand 8 . 1 7 0 . 6 9 0 . 5 8
S a n d - S i l t 6 . 6 8 0 . 8 7 0 . 5 8
Sandy S i l t 1 2 . 5 0 0 . 6 0 0 . 5 3
S i l t y  Sand 1 3 . 6 2 0 . 5 9 0 . 5 3
G r a v e l - S a n d - S i l t 6 . 6 6 r* 0 . 5 1
The a u th o rs  (4 0  ) found c o n s id e r a b le  v a r i a t i o n  in  
th e  f r i c t i o n  f a c t o r  w i t h  v a r i a t i o n s  in  w a te r  c o n te n t  
o f  th e  s o i l .  A d d i t i o n a l l y ,  th e y  found l i t t l e  v a r i a t i o n  
in  th e  f a c t o r  w i t h  te m p e ra tu re  up to  12 0°  F.
(b )  L i f t  and Drag Forces
An e le m e n ta ry  momentum b a la n c e  f o r  f l u i d  f lo w  
p a s t  a lo n g  c i r c u l a r  c y l i n d e r  (based  on N ew ton ’ s Sec­
ond Law o f  M o t io n )  in d ic a t e s  t h a t  th e  drag  o r  l i f t  
f o r c e / u n i t  le n g th  e x p e r ie n c e d  by th e  c y l i n d e r  can be 
d e s c r ib e d  by th e  r e la t io n s h ip ;
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Recommended e f f e c t i v e  l i f t  c o e f f i c i e n t  f o r  d e s ig n  o f  
a p ip e  r e s t i n g  on bo tto m . F ig .  2 . 1 7  (B)
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Recommended e f f e c t i v e  drag  c o e f f i c i e n t  f o r  d e s ig n  o f  
a p ip e  r e s t i n g  on b o tto m . F i g . 2 . 1 7  (C)
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Ve = f j: y2  ( 2 - 81)
E x p e r im e n ta l  work done by Jones ( 38)  u s in g  c i r ­
c u la r  p ip e s  o f  v a r y in g  s u r fa c e  roughness ( K/ D,  K = 
P i p e l i n e  s u r fa c e  roughness h e ig h t )  has g iv e n  th e  de­
s i r e d  r e l a t i o n s h i p  be tw een  and and R e y n o ld 's  
Number. H is  r e s u l t s  a re  i l l u s t r a t e d  in  F ig s .  2 . 1 7 ,
A and B. I t  i s  known from  boundary l a y e r  th e o ry  t h a t  
in c re a s e d  s u r fa c e  roughness causes an in c re a s e  i n  
m agn itude  o f  th e  drag  f o r c e  and a de creas e  in  l i f t  
f o r c e  m agn itude  due to  a change from  la m in a ry  to  t u r ­
b u le n t  f lo w .  Jones showed t h a t  i f  e f f e c t i v e  v e l o c i t y  
( d e f in e d  by eq. 2 . 8 1 )  is  used i n  th e  d e f i n i t i o n  o f
e
and CT and Reynolds Number (R e e ) , d a ta  o b ta in e d  w i t h  
e
d i f f e r e n t  boundary l a y e r  p r o f i l e s  c o l la p s e  on to  a 
s in g le  c u rv e .
(c )  I n e r t i a l  Forces ( H o r i z o n t a l  and V e r t i c a l )
S in c e  th e  f lo w  around th e  p i p e l i n e  is  t im e  depend­
e n t ,  th e  i n e r t i a l  e f f e c t  o f  th e  w a te r  d is p la c e d  by th e  
p i p e l i n e  must be c o n s id e re d .  In  t h i s  r e s p e c t ,  th e  
concept o f  v i r t u a l  o r  added mass is  in t ro d u c e d .  T h is  
a r is e s  from  th e  f a c t  t h a t  th e  f lo w  f i e l d  around th e  
c y l i n d e r  has k i n e t i c  energy  p r o p o r t io n a l  to  th e  square  
o f  th e  v e l o c i t y  o f  th e  c y l i n d e r  and to  in c re a s e  the
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v e l o c i t y  o f  th e  c y l i n d e r  work must be done by a f o r c e  
to  in c r e a s e  th e  k i n e t i c  energy o f  th e  f lo w  f i e l d .  The 
c y l i n d e r  thus behaves as though i t  has a mass in c re a s e d  
by th e  mass o f  f l u i d  w h ich  i t  i n f l u e n c e s . Hydrodynam ic
th e o r y  p r e d ic t s  t h a t  th e  added-mass e x c i t e d  by a c i r c u ­
l a r  c y l i n d e r  in  an i n f i n i t e  f l u i d  is  e q u a l to  th e  mass 
o f  th e  f l u i d  d is p la c e d  by th e  c y l i n d e r ,  M. Thus th e  
t o t a l  mass to  be a c c e le r a t e d  by th e  f l u i d  per u n i t  
le n g t h  i s :
T o t a l  Mass = Mass o f  F l u i d  D is p la c e d  by C y l in d e r  
+  Added Mass
o r  Mp *  2 x Mass o f  F l u i d  D is p la c e d  by 
c y l i n d e r  = 2 x x  - 
dVN •A c c e le r a t io n  o f  f l u i d  = -n r-  = VM where V,T = V e lo c -d t  N N
i t y  n orm al to  e lem ent.
Then T o t a l  A pparent Force on th e  c y l in d e r  =
2
2 f w • ^  ■ VN OR:
f i  = c M e w - i p  • ° 2 • \  -  -  -  ( 2 - 70)
where C ., = V i r t u a l  on I n e r t i a l  Mass C o e f f i c i e n t .M
In  p r a c t i c e  th e  v a l u e - o f  t h is  c o e f f i c i e n t  d i f f e r s  from  
th e  t h e o r e t i c a l  " 2 "t because o f  f r i c t i o n a l  and boundary  
l a y e r  e f f e c t s .
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H o r i z o n t a l  I n e r t i a l  C o e f f i c i e n t s , as w i t h  th e  
drag  c o e f f i c i e n t s  have n o t  as y e t  been p r e d ic t e d  from  
a t h e o r e t i c a l  a n a ly s is  o f  a l l  f e a t u r e s  o f  th e  p h y s ic a l  
s i t u a t i o n  ( 56 )  M easured v a lu e s  must t h e r e f o r e  be used .  
M oreover th e r e  a re  n o t  now a s e t  o f  such c o e f f i c i e n t s  
a p p l ic a b l e  to  a l l  w a v e /s t r u c t u r e  s i t u a t i o n s .  The most 
r e l i a b l e  d a ta  thus  f a r ,  i n  our o p in io n ,  i s  t h a t  p r o ­
v id e d  by an a n a ly s is  o f  a c t u a l  wave f o r c e  measurements  
on p i l e s  and p l a t f o r m  s t r u c t u r e  i n  th e  G u l f  o f  M exico  
d u r in g  Wave Fo rc e  P r o je c t s  I  and I I .  F ig .  2 . 18C i l l u s ­
t r a t e s  th e s e  r e s u l t s  based on a n a ly s is  u s in g  the  
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*  WATER D E P T H - 3 3  F T  
0 WATER D E P T H - 1 0 0  F T
(Composit*W ave T h eo ry )
F ig .  2 . 1 8
D a ta  a n a ly s is  r e s u l t s ,  i n e r t i a t c o e f f i c i e n t  v s . Reynolds
num ber.
(From: "Wave F o rc e s ,  D ata  A n a ly s is  and E n g in e e r in g
C a lc .  M e th ” JPT March 1970)
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where As = p r 0 n t a l  A rea  p e r  U n i t  L e n g th
Ve = T ra n s v e rs e  e f f e c t i v e  f lo w  v e l o c i t y  ( f t / s e c )
and 1 / 2  « a f a c t o r  in t ro d u c e d  by c o n v e n t io n  
As
S in c e  L D, th e  o u ts id e  d ia m e te r  f o r  a c y l i n d e r ,  th e  
r e l a t i o n s h i p  may be w r i t t e n  a s :
, 2 .
C ttv  d n. w e o
f d , l  - T g T 1 -  -  -  ( 2 - 77)
However t h i s  r e l a t i o n s h i p  is  o n ly  t r u e  i f  th e  r a t e  
o f  change o f  momentum is  in d ep en d en t o f  th e  f lo w  Rey­
n o l d ' s  Number g iv e n  by
Re = ^o^e P w  -  -  -  ( 2 . 7 8 )
S in c e  t h i s  is  n o t  n o rm a l ly  t r u e  i t  i s  a c c e p te d  p r a c t i c e  
to  w r i t e  e q u a t io n  ( 2 . 7 7 )  as:
p v 2d
- - - ( 2 . 7 9 )
j2,
L *  '■'L Zg,
O V D
F. = C. ■■ y - e-  -2. - - - ( 2 . 8 0 )
'C
where Cn = C o e f f i c i e n t  o f  Drag
= C o e f f i c i e n t  o f  L i f t
a re  ex p ressed  as 
fu n c t io n s  o f  th e  
R e y n o l d ' s  Number
E q u a tio n s  ( 2 . 7 9 )  and ( 2 . 8 0 )  a re  a ls o  th e  d e f in in g  equa­
t io n s  f o r  CQ and C^ r e s p e c t i v e l y .
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These sugg est use o f  a s in g le  v a lu e  ( 1 . 4 3 )  in d e p e n d e n t
o f  R e y n o ld 's  Number f o r  wave h e ig h ts  ra n g in g  to
n e a r - b r e a k in g ,  a l l  wave p e r io d s ,  a l l  w a te r  d e p th s ,
a l l  phases and e le v a t io n s  w i t h i n  th e  wave and a l l
d ia m e te rs  (23 ) .  I t  has been p o in t e d  o u t ,  how ever,
( . 4 9 ) ,  t h a t  th e r e  appears  to  be a s t ro n g  in c re a s e
i n  th e  a v e ra g e  v a lu e  o f  f o r  in c r e a s in g  d is ta n c e
above th e  mud l i n e .  The a c t u a l  mean ob served  was
1 .6 8  +  0 . 9 2 .  I t  was a ls o  n o te d  t h a t  th e  v a lu e s  o f
b o th  CL, and C~ o b ta in e d  from  th e  d a ta  w i l l  v a ry  w i t h  M D
th e  p a r t i c u l a r  wave th e o r y  used i n  th e  a n a ly s is .
(d ) S lope  F a c to r  (3 8 )
r
The a n a ly s is  thus f a r  has assumed a p i p e l i n e  
r e s t i n g  on a h o r i z o n t a l  sea b o tto m . Where th e  b o tto m  
s lo p e s  a t  a c o n s ta n t  a n g le  06 , (as assumed f o r  t h i s  
m o d e l ) , th e  r e s u l t a n t  no rm al and t a n g e n t i a l  fo rc e s  
becom e:
f n Ws Cos<*  ■ Fl  +  F I   ( 2 .8 2 )
and Frp = I Fn + FtA I -  S i n *  -  -  -  ( 2 .8 3 )T D I  S
F N   ( 2 .8 4 )
Combining th e s e  e q u a t io n s  g iv e s  th e  a p p l ic a b le  sub­
merged w e ig h t  re q u ire m e n t  where a s lo p in g  sea f l o o r  




jlF Cosoc +  S in  oc
( 2 .8 5 )
1
+  S inoc
-  ( 2 . 86)
Thus, f o r  cases o f  s lo p in g  sea f l o o r s ,  c a l c u l a t i o n s  
can be p e rfo rm e d  assuming h o r i z o n t a l i t y  and th e  sub­
merged w e ig h t  so o b ta in e d  m u l t i p l i e d  by th e  f a c t o r
________1___________ 1 to  o b ta in  th e  a c t u a l  r e q u i r e d
jjipCos ex. +  Sinoc J
d e s ig n  w e ig h t .  T h is  m u l t i p l e  is  c a l l e d  th e  S lope  
F a c t o r .
JONES (38 ) p o in t s  o u t t h a t ,  i n  p r a c t i c e ,  th e  
maximum v a lu e  f o r  o< w i l l  be a p p r o x im a te ly  + 10° .
(e )  EFFECTIVE VELOCITY AND ACCELERATION OF WATER
Pa r t i c l e s
The m a jo r  d i f f i c u l t y  f a c in g  th e  d e s ig n  e n g in e e r  
in  u s in g  th e  p r e v io u s ly  d e r iv e d  r e l a t i o n s h i p  is  
c h o ic e  o f  th e  p ro p e r  c u r r e n t  ( p a r t i c l e )  v e l o c i t y ,  V 
and a c c e l e r a t i o n ,  V . As d is c u s s e d  e a r l i e r ,  subm arine  
p i p e l i n e s  a re  d e s ig n ed  f o r  a t h e o r e t i c a l l y  i n f i n i t e  
l i f e t i m e .  We sh o u ld  t h e r e f o r e  c o n s id e r  a "100 y e a r  
maximum’' c o n d i t io n  w h ich  in c lu d e s  th e  e f f e c t s  o f
Wg s l o p e  ^rom w:*-H  +20%.
I n  such a case w i t h th e  maximum v a r i a t i o n  o f
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"w o rs t  l i k e l y "  storms a t  sea . D es ign c u r r e n t  ( p a r t i c l e )  
v e l o c i t y  w ould  t h e r e f o r e  c o n s is t  o f  (a )  Storm In d uced  
(b )  S lop e  In d uced  (c )  Wave Induced  (d ) P r e v a i l i n g  
C u r re n t  Components. We w i l l  examine each in  some 
d e t a i l .
( a )  Storm  Induced  Component:
T h is  component i s  g e n e ra te d  by th e  a c t io n  o f  h ig h  
v e l o c i t y  a tm o s p h e r ic  w inds on th e  s u r fa c e  o f  th e  
w a t e r .  A l l  o f  th e  a v a i l a b l e  laws g o v e rn in g  th e  
v e r t i c a l  d i s t r i b u t i o n  o f  w ind  v e l o c i t y  f a i l  a t  mean 
sea l e v e l ,  g iv in g  a z e ro  w in d  v e l o c i t y  a t  s u r fa c e  
l e v e l .  Both Von Karman' s L o g a r i th m ic  Law and th e  
l / 7 t h  Power Law w i l l  be o n ly  a p p l ic a b l e  f o r  w in d  
fo rc e  d e te r m in a t io n  on above s e a - l e v e l  s t r u c t u r e s .
I n  a l l  cases th e  s ta n d a rd  anemometer l e v e l  is  
ta k e n  as 10 m ete rs  o r  a p p ro x im a te ly  39 f e e t  above  
sea l e v e l .  T h is  i s  a tm o s p h e r ic  w in d  v e l o c i t y .
Van Leerdam ( 68 ) suggests th e  f o l lo w i n g  r e l a ­
t io n s h ip s  a p p a r e n t ly  based l a r g e l y  on N o r th  Sea 
e x p e r ie n c e :
v s (W a te r  S u r fa c e  Wind V e l o c i t y ,  f t / s e c )  2.5% v y  
w here v ^  = A tm o sp h e ric  Wind V e l o c i t y
Vq ( R e s u l t in g  C u r re n t  v e l o c i t y  a t=  vg -  0.075WD  
d e p th  W D ( f t . ) ,  f t / s e c )
OR: v« T = vD = (0 .025vw) “0-075WD f t / sec>
 ( 2 .8 7 )
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I t  can be de m o n stra ted  t h a t  th e  e f f e c t  i s  n e g l i g i b l e  
a t  w a t e r  depths g r e a t e r  th a n  330 f t .
( b ) , ( c ) , and ( d ) : S lo p e , Wave, and P r e v a i l i n g
C u r re n t  Components
These a re  b e s t  t r e a t e d  t o g e t h e r  s in c e  th e y  a re  
i n t e r - r e l a t e d  and c o n s t a n t ly  i n t e r a c t .  T h is  is  so 
s in c e  seabed to po g rap h y  (s lo p e )  causes f u n n e l l i n g  o f  
c u r r e n ts  w h i le  c u r r e n ts  a f f e c t  wave p r o p e r t i e s  and 
v ic e  v e r s a .  Mes (4 5 )  p o in ts  o u t t h a t  as a r e s u l t  o f  
t h i s  co n tin u o u s  i n t e r a c t i o n  i t  is  i n c o r r e c t  to  s im p ly  
add v e c t o r i a l l y  w a t e r  p a r t i c l e  v e l o c i t i e s  caused  
by each e f f e c t  s e p a r a t e ly .
A l l  waves obey some fo rm  o f  th e  wave e q u a t io n .
The dependent v a r i a b l e  and boundary c o n d i t io n s  depend 
on th e  p a r t i c u l a r  phenomenon b e in g  s tu d ie d  and may 
be l i n e a r  o r  n o n - l i n e a r .  I n  c o n s id e r in g  s u r fa c e  
w aves, an in c o m p re s s ib le ,  i r r o t a t i o n a l , i n v i s c i d  
f l u i d  i s  n o rm a l ly  assumed. C om bin ation  and i n t e g r a ­
t i o n  o f  th e  momentum e q u a t io n s  f o r  such a system  w i t h  
u n s te a d y  f lo w  g iv e s  r i s e  to  th e  c l a s s i c a l  B e r n o u l l i
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E q u a tio n  as f o l l o w s :
4 )  +  l / 2 ( u ^  +  +  w^) +  J>_ +  gz = f ( t )
^ t  ^
where
f ( t )  = a c o n s ta n t  o f  i n t e g r a t i o n  -  -  -  ( 2 . 88)
A ls o  th e  c o n t i n u i t y  e q u a t io n  ta k e s  th e  l i n e a r  form  
g iv e n  by th e  c l a s s i c a l  LAPLACE EQUATION as fo l lo w s :
a 2cb +  a 2^  +  •atf) = o or v 2<j> = o
^ x  "by ^  z
  ( 2 .8 9 )
F ig .  2 .2 0  i l l u s t r a t e s  th e  system  and p a ra m e te rs  b e in g  
c o n s id e re d .  I n  g e n e r a l ,  th r e e  boundary c o n d i t io n s  must 
be s a t i s f i e d  in  th e  s o lu t io n  o f  th e s e  two e q u a t io n s .
They a r e :
(a )  A t  th e  sea f l o o r ,  w a t e r  p a r t i c l e s  cannot cross
th e  s o l i d  b o un d ary . M a t h e m a t ic a l ly
3 6  = 0 where z = - d - - - ( 2 . 9 0 )
~5z
(b ) No w a te r  p a r t i c l e s  can cross th e  f r e e  s u r f a c e .
This r e q u i r e s  t h a t  th e  p a r t i c l e  v e l o c i t y  a t  z =7^ be e q u a l
to  th e  norm al v e l o c i t y  o f  th e  f r e e  s u r fa c e  (see F ig .
2 . 2 0 ) .  M a th e m a t ic a l ly ,
(~6z) = a  n +  d 9 +  d x +
( a t ) z =y> b c  a x  a t
3  y -  -  -  ( 2 .9 1 )
V y  b t
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F IG .  2 .2 0  VARIATION OF PARTICLE VELOCITY WITH DEPTH
f r e e  s u r fa c e  ( 2 = 9 ) a t  any p o s i t i o n  "x"  and t im e  
” t . "  A p p ly in g  B e r n o u l l i ’ s e q u a t io n  to  th e  f r e e  
s u r fa c e  (Eq. 2 .8 9 )  g iv e s  under th e s e  c o n d i t io n s :
S ince  g e n e r a l l y  = V , th e  Dynamic F r e e -S u r fa c e
B n  n
C o n d it io n  becomes :
+  g n  +  VV2 = 0  ( 2 .9 2 )
a t  J
The e q u a t io n  i s  n o n l in e a r  in  V and in  some cases i t  
i s  assumed t h a t  f o r  s m a ll  d is p la c e m e n ts  o f  th e  f r e e
(c )  T h e re  must be ze ro  gauge p re s s u re  on th e
+  g o  = 0
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*1 -  - 1 4 * -
g d t
s u r f a c e ,  t h i s  second o rd e r  te rm  can be n e g le c te d  g iv in g  
a l i n e a r i z e d  dynamic c o n d i t io n :
  ( 2 .9 3 )
z =r>
T h is  system  o f  e q u a t io n s  d e s c r ib e  th e  g e n e r a l  
f r e e  s u r fa c e  wave p ro b lem . In  p r a c t i c e  f o r  a 
p a r t i c u l a r  system  to  be d e s c r ib e d  e .g .  s lo p in g  sea  
f l o o r  o r  i n c l i n e d  p i l e s ,  o t h e r  boundary c o n d i t io n s  
a re  imposed. I n  any e v e n t ,  E q . ( 2 .8 9 )  i s  an e l l i p t i c  
p a r t i a l  d i f f e r e n t i a l  e q u a t io n  and a p ro d u c t s o lu t io n  
o f  th e  fo rm  X (x )  T ( t )  Z ( z )  -  -  -  ( 2 .9 4 )
i s  n o r m a l ly  assumed.
The s o lu t io n  te c h n iq u e  to  be useci f o r  th e  r e s u l t i n g  
system  o f  e q u a t io n s  depends on th e  a p p l i c a b i l i t y  o f  
l i n e a r  a p p ro x im a t io n s  f o r  th e  p a r t i c u l a r  p h y s ic a l  s y s ­
tem u n der s tu d y . Thus e x i s t i n g  s o lu t io n s  a re  o f  two 
ty p es  (a )  L in e a r  OR (b ) N o n -L in e a r .  L in e a r  wave 
th e o ry  i s  o n ly  a p p l ic a b l e  to  s m a ll  a m p li tu d e  waves 
i . e .  where th e  a p p ro x im a t io n  o f  e q u a t io n  ( 2 .9 3 )  i s  
v a l i d ,  w h i le  n o n - l i n e a r  wave th e o ry  must be used f o r  
waves o f  f i n i t e  a m p l i tu d e .  One e s t a b l is h e d  form  
( s o l u t i o n )  i s  a s s o c ia te d  w i t h  l i n e a r  wave th e o ry  -  
th e  AIREY (F IRST ORDER) th e o r y  w h i le  s e v e r a l  forms  
( s o lu t io n s )  e x i s t  f o r  th e  n o n - l i n e a r  case . The most 
used o f  th e s e  a r e :  th e  STOKIAN, th e  CNOIDAL and th e
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SOLITARY WAVE t h e o r i e s .  F ig .  2 .2 1  c l a s s i f i e s  th e s e  
t h e o r ie s  and in d ic a t e s  t h e i r  ran g e  o f  a p p l i c a b i l i t y  
w . r . t .  D /L  and a m p li tu d e  and th e  p a ra m e te rs  o f  
p a r t i c u l a r  im p o rta n c e  to  each th e o r y .  F ig .  2 .2 2  
i l l u s t r a t e s  th e  p a r t i c l e  t r a j e c t o r i e s  a t  v a r io u s  
w a te r  depths as p r e d ic t e d  by th e  AIREY WAVE T h e o ry .
S M A LL AM PLITUDE WAVES 
(O N E  THEO RY )
A IR E Y 'S 'F IR S T  ORDER
DEEP
W A TE R '
FINITE AM PLITUD E WAVES 
(AT LEAST 3 T H E O R IE S !
S O L IT A R Y■ CNCIO AL
* WAVE 
THEO RY
p  -q  IMPORTANT
WATER PARTICLEF IG . 2 .2 1  CLASSIFICATION OF 
AMPLITUDE WAVES
N o n - l in e a r  s o lu t io n s  a re  e x t re m e ly  com plex. A
p e r t u r b a t i o n  te c h n iq u e  is  g e n e r a l l y  n e c e s s a ry  and th e  
X, Z , T term s a r e  ex p ress ed  as s e r ie s  o f  a form
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such t h a t  a s o lu t io n  e x i s t s .  I t  has been shown t h a t
w h i le  th e  s e r i e s '  p a ra m e te rs  to  en su re  such a s o lu -
2 3t i o n  sh ou ld  be HL /D  , i t  i s  im p o s s ib le  to  expand a 
s e r ie s  ab ou t t h i s  p a ra m e te r  ( 2 9 ) .  I n  p r a c t i c e ,  
t h e r e f o r e ,  f o r  deep w a te r  a n a ly s is  expan s io n  is  made 
ab ou t a s cen d in g  powers o f  H /D ; w h ich  g iv e s  r i s e  to  
th e  CNOIDAL THEORY. In  b o th  ca ses , th e  number o f  
term s used i n  th e  s e r ie s  exp an s io n  d e te rm in e s  th e  
o rd e r  o f  th e  s o l u t i o n  o b ta in e d .  Use o f  a h ig h  o rd e r  
th e o ry  r a t h e r  th a n  a f i r s t  o rd e r  ( e . g .  S to k e s ' 5 th  
o rd e r  th e o r y )  depends on th e  p a r t i c u l a r  p rob lem  
b e in g  s t u d ie d ,  th e  wave h e ig h t  b e in g  c o n s id e re d  and 
th e  a c c u ra c y  d e s i r e d .
L in e a r  wave t h e o r y ,  as one w ould  e x p e c t ,  a r is e s  
as a s p e c ia l  case o f  th e  n o n - l i n e a r  s o lu t io n s  w i t h  n , 
th e  o r d e r  o f  th e  s o lu t io n  o r  th e  number o f  term s in  
th e  s o lu t io n  o r  th e  power o f  h ig h e s t  te rm  in  th e  equa­
t i o n ,  e q u a l to  u n i t y .  Most co n tem p orary  designs o f  
f i x e d  ocean s t r u c t u r e s  use l i n e a r  wave th e o r y  f o r  
fo r c e  d e t e r m in a t io n .  W h ile  t h i s  i s  an a p p ro x im a t io n  
i n  some c a s e s , i t  i s  th o u g h t a d e q u a te . The s o lu t io n s  
o b ta in e d  by s u b s t i t u t i o n  o f  E q . ( 2 . 9 3 )  and s e p a r a t io n  
o f  v a r i a b l e s  a re  as fo l lo w s :
















-Ac Cosh k ( IH -z )  S in 0  
S in h  kD
TTH Cosh k (D  +  z )  Cos&
T S inh  kD
TTH S in h  k (D  +  z )  S in 0
T S inh  kD '
  (2.96)
  ( 2 .9 7 )
  ( 2 .9 8 )
  ( 2 .9 9 )
2 TT H Cosh k (D  +  z )  S in 0  -  -  -  ( 2 .1 0 0 )  
ZT~ S in h  kD
-2  IT H S inh  k (D  4- z ) C ose -  -  -  ( 2 .1 0 1 )  
^2 S in h  kD
PgA Cosh k (D  +  z )  C os0 -  Pgz 
Cosh kD
i f
ta n  kD
  (2 . 102)
  ( 2 .1 0 3 )
A wave group i s ,  as th e  name im p l ie s ,  a s e t  o f  
waves t r a v e l l i n g  as a g roup . F ig .  2 .2 3  i l l u s t r a t e s  
th e  c o n c e p t. The phenomenon f r e q u e n t ly  occu rs  in  
p r a c t i c e  and most p h y s ic a l  o c e an o g ra p h ic  measurements
F IG . 2 .2 3  THE WAVE GROUP
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such as a re  r e q u i r e d  f o r  subsea p i p e l i n e  d e s ig n  a re  
in f lu e n c e d  by them. L in e a r  wave th e o ry  g iv e s  th e  
f o l lo w i n g  r e l a t i o n s h i p  betw een wave and group  
v e l o c i t i e s :
Cg -  %c 1 +  2kh   ( 2 .1 0 4 )
S i n h ( 2kh)
As d is c u s s e d  e a r l i e r ,  c u r r e n ts  a f f e c t  wave 
p r o p e r t i e s  and v ic e  v e r s a .  T h is  phenomenon w i l l  now 
be exam ined i n  some d e t a i l .  T h ere  a re  s e v e r a l  
c u r r e n t  ty p e s  p r e s e n t ly  c l a s s i f i e d  and s tu d ie d .  Th ree  
o f  th e s e ,  L o c a l C u r r e n ts ,  D o p p le r  C u r re n ts ,  and M ixed  
C u rre n ts  a re  o f  p a r t i c u l a r  i n t e r e s t  in  th e  d is c u s s io n  
to  f o l l o w .
(a )  Loca^ C u rre n ts  e x i s t  in  and in f lu e n c e  o n ly  
a v e r y  l i m i t e d  a re a  e . g .  n e a r  a r i v e r  mouth o r  sand 
bank. T h is  c u r r e n t  ty p e  does n o t  a f f e c t  o b serve d  wave 
p e r io d s  b u t  i t  does s u b s t a n t i a l l y  a f f e c t  wave le n g t h  
and h e ig h t .  The p ro b lem  has been w e l l  s tu d ie d  and 
fo rm u la e  a re  a v a i l a b l e  f o r  adequate  though a p p ro x im a te  
p r e d i c t i o n  o f  th e s e  e f f e c t s  ( 4 5 ) .
(b )  D o p p le r  C u rre n ts  e x i s t  and c o n t in u e  to  e x i s t  
when waves a re  g e n e ra te d  and p ro p a g a te d .  Such c u r r e n ts  
change o n ly  th e  o b served  f re q u e n c ie s  b e in g  them selves  
c o n s ta n t  in  space and t im e .  A g a in  t h i s  p ro b lem  has 
been th o ro u g h ly  s tu d ie d  and fo rm u la e  a re  a v a i l a b l e  
p r e d i c t i n g  th e  e f f e c t s  ( 45 ) •
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(c )  M ixed  C u r re n ts  o f  i n t e r e s t  o c cu r  where  
d eep w ater  waves t r a v e l  tow ards shore f r e e  o f  c u r r e n t  
w i t h  c lo s e  to  shore s h o a l in g  and w a v e -c u r r e n t  i n t e r ­
a c t io n  r e s u l t i n g  in  m ixed c u r r e n ts  t h e r e .  In  t h i s  
case , a l l  p a ra m e te rs  o f  i n t e r e s t  o b serve d  i . e .  wave 
p e r io d ,  le n g t h  and h e ig h t  a re  changed. JONSSON 
has s tu d ie d  th e  p ro b lem  u s in g  l i n e a r  wave th e o r y .
Mes ( 4 5 )  recommends use o f  h is  r e l a t i o n s h i p s  f o r  
d e s ig n  c a l c u l a t i o n s  d e s p i te  t h e i r  a p p ro x im a te  n a t u r e .  
He p o in ts  o u t t h a t  w h i le  o th e rs  have used h ig h e r  
o rd e r  and n o n - l i n e a r  t h e o r ie s ,  o n ly  i n f i n i t e  seas 
a r e  c o n s id e re d .
The r e l a t i o n s h i p s  d e v e lo p e d  by JONSSON ( 4 5 )  
and w h ich  w i l l  be used in  developm ent o f  t h i s  
model a re  as fo l lo w s :
( i )  Wave L e ng th
L ta n h  (kD)
(2 .1 0 5 )
( i i )  Wave Frequency
(2 .1 0 6 )
( i i i )  P a r t i c l e  V e l o c i t i e s  
v__ = A . Cosh k ( z  +  D)
OB S in h  kD
. C os(kx  -  c°oB t
+ VM IX (z ) (2 .107)
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( i v )  P a r t i c l e  A c c e le r a t io n s
V„ = A • C0 TT . . Cosh k ( z  +  D)X co -n W OB rr-.— r--- ------- - --OB S m h  kD
S in ( k x  - coQBt )  -  -  -  ( 2 .1 0 8 )
where
k  =» 2TT
L
^OB
cOq b » t o b » v M IX  ~ ob served  f re q u e n c y ,  p e r io d
and C u r re n t  v e l o c i t y  r e s p e c t i v e l y .
= Wave fre q u e n c y  i n  th e  absence  
o f  c u r r e n t .
I t  sh ou ld  be n o te d  t h a t  th e  JONSSON developm ent assumes
i
t h a t  a c o n s ta n t  amount o f  w a te r  i s  t r a n s p o r t e d  e v e r y ­
w h ere . F u r t h e r ,  because o f  th e  s i m p l i f i c a t i o n s  a u to ­
m a t i c a l l y  in t ro d u c e d  th ro u g h  use o f  a m o d i f ie d  l i n e a r  
wave th e o r y ,  th e  r e l a t i o n s h i p s  g iv e  c o n s e r v a t iv e  wave 
fo r c e  v a lu e s .  As Mes ( 4 5 )  p o in ts  o u t ,  th e  Jonsson  
te c h n iq u e  i s  in  k e e p in g  w i t h  co n tem p orary  d e s ig n  
p r o c e d u r e .
I n  p r a c t i c e ,  c u r r e n ts  a re  m easured and s p e c i f i e d  
th ro u g h  th e  use o f  a Wave A m p litu d e  S p e c t r a l  D e n s i ty  
F u n c t io n  (WASDF). T h is  c o n s is ts  o f  a la r g e  number o f  
in d e p e n d e n t components each in f lu e n c e d  s e p a r a t e ly  by 
c u r r e n t  ( 4 9 ) .  These a re  o b ta in e d  from  th e  p h y s ic a l  
measurements ta k e n  by oceanog raphers  and a re  used by
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d e s ig n  e n g in e e rs .  A p a r a b o l ic  ty p e  c u r r e n t  d i s t r i b u ­
t i o n  whose " o rd e r "  v a r ie s  w i t h  l o c a t i o n  i s  n o r m a l ly  
e n c o u n te re d . S ince  th e  c u r r e n t  i s  n o t  u n i fo r m ly  
d i s t r i b u t e d  o v e r  th e  v e r t i c a l ,  an e f f e c t i v e  c u r r e n t
s t r e n g t h  (based on wave en erg y  c o n s id e r a t io n s )  from  
such a WASDF can be s p e c i f i e d  as fo l lo w s  (49 ) :
fwD -  WD ( l  -  1 -
i  d dTn = n y lL pa
1.
*WD -  d
V EFF. VMSLI
np a + l ^
w d '
*1 npa J
- [WD - d npa
| WD |
  ( 2 .1 0 9 )
where
V MSL = C u r re n t  S t r e n g th  a t  Mean Sea L e v e l
d- = The s m a l le r  o f  D o r  1 /8  L ( f t . )
n = O rd er  o f  th e  p a r a b o l ic  d i s t r i b u t i o n ,pa r
The JONSSON r e l a t i o n s h i p  betw een th e  d e ep w ate r  WASDF (no
c u r r e n t  p r e s e n t )  and th e  o b served  s h a l lo w  w a te r  WASDF
(M ixed  C u r re n t  in c lu d e d )  i s :
^OB^OB-1 _ g
SDW ^°V 2<V Cg + V M IX ‘) ( ^  + V M IX )
C
  (2 . 110)
where
Sr -n (^o-n) = I n t e g r a t e d  Observed S h a llo w
0B 0w W ate r  WASDF
SnTT^rr) = I n t e g r a t e d  Observed Deep W ater  .
DW W WASDF
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B o u n d a ry _ L a y e r_ V e lo c i ty  D i s t r i b u t i o n :
The r e l a t i o n s h i p s  d e ve lo p e d  e a r l i e r  f o r  th e  
v e l o c i t y  p r o f i l e  be low  w a te r  s u r fa c e  a re  n o t  a p p l ic a b le  
to  th e  boundary  l a y e r  j u s t  above sea b o tto m  and hence  
th e  p i p e l i n e  i t s e l f .
E x p e r im e n ta l  w ork  r e p o r t e d  by Jones ( 3 8 )  su pp o rts  
a l / 7 t h  power la w  r e p r e s e n t a t io n  o f  t h i s  v e l o c i t y  
p r o f i l e .  Used i n  c o n ju n c t io n  w i t h  Eq. ( 2 . 8 1 ) ,  e f f e c ­
t i v e  v e l o c i t y  d i s t r i b u t i o n  w i t h i n  t h a t  l a y e r  is  
g iv e n  by:
0 .7 7 8 U (2 . 111)
w here
U = v e l o c i t y  a t  h e ig h t  h above b o tto m  
D = p ip e  o u ts id e  d ia m e te r
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2 .3  DYNAMIC STRUCTURAL REQUIREMENTS OF THE SUBSEA SYSTEM
The subsea p i p e l i n e  system  must be d e s ig n e d  to  w i t h ­
s ta n d  th e  s t re s s e s  imposed by th e  e n v iro n m e n t and la y in g  
te c h n iq u e  d u r in g  th e  a c t u a l  p ip e la y in g  o p e r a t io n .  E xces­
s iv e  b e nd in g  s t r a in s  and te n s io n s  must be a v o id e d  i f  
c o l la p s e ,  b re a k a g e , a n d /o r  b u c k l in g  o f  th e  l i n k e d  system  
i s  to  be a v o id e d . These de s ig n  c r i t e r i a  have been l a b e l l e d  
un der th e  b ro a d  h e a d in g  o f  DYNAMIC STRUCTURAL REQUIRE­
MENTS. C r i t i c a l  b e nd ing  moments, o p t im a l  r e l a t i o n s h i p s  
betw een a p p l ie d  p ip e  te n s io n ,  s t in g e r  le n g t h /c u r v a t u r e  
and bend ing  moments as w e l l  as methods o f  p r e d i c t i n g  
th e s e  e f f e c t s  w i l l  be s tu d ie d .  T h is  w i l l  t e r m in a te  
in  th e  developm ent o f  s u i t a b l e  d e s ig n  c r i t e r i a .
F i g .  2 .2 4  i l l u s t r a t e s  th e  p a r t i c u l a r  system  un der  
s tu d y . Our m a jo r  concern  is  w i t h  th e  suspended p ip e  
span w h ich  t y p i c a l l y  ta k e s  an S -sh ape . The lo w e r  p o r ­
t i o n ,  in  c o n ta c t  w i t h  th e  sea f l o o r ,  i s  c a l l e d  th e  sagbend  
and is  s e p a ra te d  from  th e  upper p o r t io n  or  overbend by 
a t r a n s i t i o n  p o in t  o r  p o in t  o f  ze ro  moment. The s t i n g e r  
i s  n o rm a l ly  assumed to  s u p p o rt th e  e n t i r e  overbend and 
may be f l e x i b l e  ( a r t i c u l a t e d )  o r  r i g i d .  The sagbend  
c u r v a tu r e  i s  c o n t r o l l e d  by th e  a p p l i c a t i o n  o f  a s u i t a b l e  
p ip e  te n s io n  a t  th e  la y b a rg e  th ro u g h  th e  use o f  t e n ­
s io n in g  d e v ic e s .  V a r i a t i o n  in  th e  d e s ig n  le n g t h  o f  th e
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s t i n g e r  e n a b le s  c o n t r o l  o f  th e  c u rv a tu re  o f  th e  s t i n g e r  
and hence i t s  bend ing  s t r a i n .  B e fo re  exam in in g  th e s e  
e f f e c t s  i n  d e t a i l  some g e n e ra l  d e s ig n  p r i n c i p l e s  can be 
e s t a b l is h e d .
F IG . 2 .2 4 :  ELEMENTS OF P IPELINE LAYING SYSTEM
The overbend is  g e n e r a l l y  d e s ig n e d  on th e  b a s is  o f  
maximum n e g a t iv e  b e n d in g  moment o r  minimum r a d iu s  o f  
c u r v a t u r e .  Van Leerdam ( 68 ) p o in t s  o u t ,  how ever, t h a t  in  
t h i s  p o r t i o n  o f  th e  p i p e l i n e  system , th e  e f f e c t  o f  s t r a i n  
lo a d  is  g e n e r a l ly  le s s  s e v e re  th a n  th e  e f f e c t s  o f  w e ld  
f a t i g u e .  Thus he suggests  t h a t  a c c e p ta b le  c u rv a tu re  
be based on a l lo w a b le  f l e x i n g  lo a d  o f  th e  w e ld s , i . e .  
f a t i g u e  lo a d s .  These a r e  caused by v e s s e l  and p ip e  
c y c l in g  r e s u l t i n g  from  wave a c t io n .  The f o l lo w in g  
d e s ig n  maximum a l lo w a b le  c y c l in g  f re q u e n c ie s  a re  r e c ­
ommended by Van Leerdam ( 68 ) :
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STRAIN RANGE MAXCYCLING FREQUENCY
A  (5= 0 .3%  - ........... —  1050 c /s  ^
A O ' =  0.2% ................ .. 4000 c /s
A  O ’ = 0 .15%  ------------------ 13000 c /s   ( 2 . 111)
The developm ent o f  t h i s  model w i l l  n o t  d i r e c t l y  c o n s id e r  
th e  dynamic e f f e c t s  o f  te n s io n  and l a y  b a rg e  movement due 
to  wave a c t io n  b u t  w i l l  account f o r  i t  by th e  p ro p e r  
c h o ic e  o f  A c 1 and hence f ^ C A l l o w . ) -
T e n s io n  i s  a p p l ie d  to  th e  p ip e  s t r i n g  a t  th e  r e g io n  
o f  th e  ov erb en d . Van Leerdam n o te s  t h a t  th e  p resen ce  o f  
top  te n s io n  has l i t t l e  e f f e c t  on s t r e s s  -  s t r a i n .  These  
two c r i t e r i a  can thus be c o n s id e re d  s e p a r a t e ly  w i t h o u t  
concern  f o r  e f f e c t s  o f  i n t e r a c t i o n .  The r e q u i r e d  t h r u s t  
o f  th e  b a rg e  te n s io n e r  o r  th e  la y b a rg e  te n s io n in g  capa­
b i l i t y  has been found to  be e q u a l to  th e  v e r t i c a l  compo­
n e n t  o f  th e  suspended p ip e  w e ig h t  p lu s  th e  h o r i z o n t a l  
component o f  te n s io n  r e q u i r e d  i n  th e  sagbend. T h is  is  
m a th e m a t ic a l ly  e q u iv a le n t  to :
T b = WTS x  W.D. +  T q --------- ( 2 .1 1 2 )
where W^g = U n i t  le n g t h  submerged w e ig h t
W.D. = W ate r  d e p th  to  i n f l e c t i o n  p o in t  
Tq = R e q u ire d  h o r i z o n t a l  te n s io n
G r e a te r  p r e c is io n  w i l l  r e q u i r e  a d d i t i o n  o f  th e  d ry  w e ig h t  
o f  any un -im m ersed  p o r t io n  o f  th e  p ip e  i n  th e  s t in g e r  to .
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th e  R .H .S .  o f  e q u a t io n  ( 2 . 1 1 2 ) .
The sagbend d i f f e r s  i n  t h a t  th e  m a jo r  c r i t e r i o n  is  
enough b end ing  c a p a b i l i t y  un der e x t e r n a l  p r e s s u r e .  Gen­
e r a l l y ,  th e  c u r v a tu r e  o f  th e  p ip e  in c re a s e s  w i t h  depth  
o f f  bo tto m  u n t i l  th e  " c h a r a c t e r i s t i c  le n g th "  (see  
su cceed ing  s e c t i o n s ) . Above t h a t  p o in t  th e  bend ing  s t r a i n  
rem ains r e l a t i v e l y  c o n s ta n t  ( 9 ) .  As d is c u s s e d  e a r l i e r ,  
a p p l ie d  h o r i z o n t a l  t e n s io n  c o n t r o ls  p ip e  c u rv a tu re  and 
an in c re a s e  in  h o r i z o n t a l  te n s io n  by a f a c t o r  o f  te n  ( 10) ,  
can reduce  b en d in g  s t r a i n  by as much as a f a c t o r  o f  
two ( 2 ) .  T h is  h o r i z o n t a l  te n s io n  r e q u i r e d  is  r e l a t i v e l y  
c o n s ta n t  w i t h  w a te r  d e p th  b u t  in c re a s e s  e x p o n e n t ia l l y  
w i t h  p i p e  d ia m e te r .  T h is  r e l a t i o n s h i p  can be q u a n t i ­
f i e d  in  th e  f o l lo w i n g  r e l a t i o n s h i p  betw een a l lo w a b le  
b e nd in g  s t r a i n  and D / t  o f  th e  p ip e :
0 .2 2  -  0 .0 0 0 8  ID]
MAX I t )  .
The r e q u i r e d  te n s io n  i s  h i g h ly  s e n s i t i v e  to  th e  
v a lu e  o f  th e  top  a n g le  where t h i s  i s  f i x e d .  The e f f e c t  
i s  le s s  c r i t i c a l  however where h ig h  c u r r e n ts  e x i s t .
F u r t h e r ,  p ip e  w a l l  th ic k n e s s  has l i t t l e  e f f e c t  (e x c e p t  
from  a submerged w e ig h t  p o in t  o f  v ie w )  on r e q u ir e d  
t e n s i o n .
The developm ent w h ich  fo l lo w s  a v o id s  d i r e c t  a c c o u n t in g  
f o r  c u r r e n t  in d u c ed  e f f e c t s  on p ip e  b e h a v io r .  Some
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i n d i r e c t  c o n s id e r a t io n  i s  g iv e n  th ro u g h  c h o ic e  o f  
a l l o w a b l e , g ^ .
2 . 3 . 1  MAXIMUM ALLOWABLE BENDING MOMENTS WITHOUT BUCKLING
B u c k lin g  ( c o l la p s e )  i n  subsea p i p e l i n e  systems  
occu r p r i m a r i l y  as a r e s u l t  o f  th e  c o m b in a t io n  o f  
c i r c u m f e r e n t i a l  b u c k l in g  due to  h y d r o s t a t i c  p re s s u re  
and b u c k l in g  due to  l o n g i t u d i n a l  b end ing  and a x i a l  
fo rc e s  d u r in g  p i p e la y in g  o p e r a t io n s .  Both th e  m a t e r i a l  
p r o p e r t i e s  (as c h a r a c t e r i z e d  by th e  s t r e s s - s t r a i n  curve  
f o r  th e  p a r t i c u l a r  p ip e  m a t e r i a l )  and th e  geom etry  (as  
c h a r a c t e r i z e d  by th e  D ia m e te r /T h ic k n e s s  R a t io )  a f f e c t  
th e  b u c k l in g  p e rfo rm a n ce  o f  a p a r t i c u l a r  system . T h is  
i s  w e l l  i l l u s t r a t e d  by F ig .  2 . 2 5  w h ich  shows t h e o r e t i c a l  
b e n d in g  r e s is t a n c e  ( M^) as a f u n c t io n  o f  maximum f i b e r  
s t r a i n  ( g  ) ( 4 6 )  and F i g .  2 . 2 6  w h ich  shows th e  lo g - lo g  
e x p e r im e n ta l  r e l a t i o n s h i p  betw een b u c k l in g  moment ( Mg) 
and D ia m e te r /T h ic k n e s s  r a t i o  ( D / t ) .
MESLOH e t  a l (  4 6 ) found e x p e r im e n t a l ly  t h a t  th ese  
f o u r  p a ra m e te rs  a re  r e l a t e d  i n  t h a t  e l a s t i c  b u c k l in g  
g e n e r a l l y  occurs a t  a D / t  o f / o r  g r e a t e r  th a n  (depend ing  
on m a t e r i a l  p r o p e r t i e s )  250.  Below t h i s ,  b e h a v io r  
g e n e r a l l y  ta k e s  th e  form  o f  p l a s t i c  f a i l u r e  accompanied  
by o v a l i s a t i o n  o f  th e  cross  s e c t io n  (see F ig .  2 . 2 7 ) .
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^ B U C K L IN G
( S e c t io n  a - a )
PIPE OVALISATION
F IG . 2 . 2 7
O v a l i s a t i o n  was found to  lo w e r  bend ing  r e s is t a n c e  le a d in g  
to  f a i l u r e  b e fo r e  th e  f u l l  r e s i s t i n g  moment i s  a c h ie v e d  
((3 D / t  ^  60) . F u r t h e r ,  w h i le  maximum r e s i s t i n g  moment 
and b u c k l in g  moment w ere ro u g h ly  e q u iv a le n t  f o r  D / t ’ s 
^ 6 0 ,  b u c k l in g  moment was th e  l e s s e r  f o r  D / t ' s  <£ 60 ( 4 6 ) .
C i r c u m f e r e n t ia l  b u c k l in g  due to  h y d r o s t a t i c  p re s s u re  
a lo n e  has been th o ro u g h ly  s tu d ie d  f o r  c o n d i t io n s  o f  
u n i fo rm  r a d i a l  p re s s u re  c o n s id e r in g  b o th  o u t -o f - r o u n d n e s s  
and u n ifo rm  c r o s s -s e c t io n s  in  b o th  p l a s t i c  and e l a s t i c  
ra n g e s . T h is  has been th o ro u g h ly  d is c u s s e d  i n  S e c t io n  
( 2 . 2 . 2 ) .  A r e l a t i o n s h i p  ( e m p i r i c a l )  w h ich  in c lu d e s  a l l  
ranges  as w e l l  as o u t -o f - r o u n d n e s s  was g iv e n  by S o u th w e l l  
(1 7 )  and was a c c e p te d  i n  S e c t io n  ( 2 , 2 . 2 )  as s u i t a b l e  f o r  
use in  th e  developm ent o f  t h i s  m ode l. I t  b e ars  r e p e t i t i o n :
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PCR ( 2 . 6 1 )
B u c k l in g  caused by l o n g i t u d i n a l  bend in g  and a x i a l  
fo rc e s  a lo n e  has a ls o  been s tu d ie d  b o th  t h e o r e t i c a l l y  
and e x p e r im e n t a l ly .  F ig .  2 . 2 8 ,  based on th e  e x p e r im e n ta l  
work o f  MESLOH e t  a l  i l l u s t r a t e s  th e  observed  p a t t e r n .
I n  1961 , Timoshenko d e v e lo p e d  an e m p i r ic a l  r e l a t i o n  
f o r  pure a x i a l  com press ion . Bynum(1 7  ) recommends t h i s  
r e l a t i o n s h i p  f o r  d e s ig n  c a lc u la t io n s  and p o in t s  o u t  
t h a t  lo w e r  bounds f o r  pure  a x i a l  com pression and pu re  
l o n g i t u d i n a l  b e nd ing  a re  i d e n t i c a l ;  hence , i t  i s  e q u a l ly  
v a l i d  f o r  p r e d i c t i n g  th e  l a t t e r .  E xpressed  in  th e  form  
g iv e n  by Bynum (a  s l i g h t  m o d i f i c a t io n  o f  th e  o r i g i n a l )
i t  i s  :
.ACTUAL CURVE 
>DESIGN CURVE
SAFE \  1 \ \
\ 3 W \ l
REGION \ 1  \  \




( I V t ) ^  ( D / t ) 2
\  \DEKARKATION 
\  L .  ZONE
i \  V
IMENS IONLESS1
A -  DESIGN CURVE B -  COMBINED BUCKLING LOCUS
FIG. 2.28
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= ^ y E I {2- ^ - -  10 ' ?N)_ _ _ _ _ _ _ _ _   ( 2 .1 1 4 )
D ( o r y >  0 : o04 e )
MESLOH e t  a l ( 4 6  ) In v e s t i g a t e d  th e  combined lo a d in g s  
o f  e x t e r n a l  h y d r o s t a t i c  p re s s u re  (P) and l o n g i t u d i n a l  
bend ing  moment b o th  a n a l y t i c a l l y  and e x p e r im e n t a l ly .  
T h e i r  r e s u l t s  f o r  th e  b u c k l in g  lo c u s  a re  i l l u s t r a t e d  
i n  d im e n s io n le s s  and d im e n s io n a l fo rm  i n  F ig .  2 . 2 8 ,
A and B r e s p e c t i v e l y .  Both i l l u s t r a t e  th e  f a c t  t h a t  
d e c re a s in g  TD / t ’ and in c r e a s in g  f g 1 causes a more g r a d u a l  
ap proach  o f  th e  f a i l u r e  e n v e lo p e  to  th e  z e ro  p re s s u re  
a x i s .  They t h e r e f o r e  sugg ested  a s t r a i g h t  l i n e  betw een  
P/P^ = 1 and M /  = 1 as a s im p le ,  s u i t a b l e  d e s ig n
c u rv e  s in c e  i n  such a case some p o r t i o n  o f  th e  b u c k l in g  
lo c u s  w i l l  f a l l  w i t h i n  th e  ’’s a fe "  r e g io n .  Bynum 
suggested  use o f  a s a f e t y  f a c t o r  (SF: 1 . 2 5 )  to  compensate  
somewhat f o r  th e  r e g io n  o f  th e  d e s ig n  cu rv e  f a l l i n g  
above the. a c t u a l  f a i l u r e  e n v e lo p p e . E xpressed  m athem at­
i c a l l y ,  th e  g e n e r a l  f a i l u r e  c r i t e r i o n  becomes:
r -  + ̂ r~  = h?--------------------------------------- -------- ( 2 - 1 1 5 )
CR M CR SF
I t  i s  now s im p le  to  use t h i s  g e n e r a l  f a i l u r e  c r i t e r i o n
th ro u g h  s u b s t i t u t i o n  f o r  th e  v a r i a b l e s  u s in g  e q u a t io n s
( 2 . 6 1 ) ,  ( 2 . 6 2 ) ,  and ( 2 . 11) to  s o lv e  f o r  th e  ben d ing
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moment, M . T h is  i s  g iv e n  by
M TTtD2 /2 • 4 
I N l_ -  0 . 222 WDC
8 <CT +  0 .0 0 4 E )  
. (NE +  0 .9 1 (7  N3 )y
SF
( 2 . 1 1 6 )
o b ta in e d  by d i r e c t  s u b s t i t u t i o n  and re a r ra n g e m e n t .  Then  
M = M qr f o r  any p a r t i c u l a r  p i p e l i n e  system and w a te r
I t  shou ld  be n o te d  t h a t  WDC r e f e r s  to  th e  w a te r  
d e p th  to  th e  p i p e l i n e  s e c t io n  e x p e r ie n c in g  th e  maximum 
b e n d in g  moment. I t  w i l l  be n e c e s s a ry  f o r  us to  d e r iv e  
an a p p ro x im a te  r e l a t i o n s h i p  f o r  t h i s  d e p th  in  term s o f  
th e  system  p a ra m e te rs .
d e p th .
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2 . 3 . 2  RELATIONSHIPS BETWEEN APPLIED PIPE TENSION, STINGER 
LENGTH AND CURVATURE AND OBSERVED BENDING MOMENTS
The p rob lem  ad dressed  h e re  is  t h a t  o f  la y in g  th e  
p i p e l i n e  on th e  sea f l o o r  a lo n g  th e  d e s i r e d  r o u te  w i t h o u t  
k in k in g  o r  b u c k l in g  th e  p ip e .  Components o f  th e  
c o n v e n t io n a l  la y in g  system  have been d e s c r ib e d  p r e v io u s ly .  
As o u t l i n e d  by Brown ( 1 2 ) ,  th e  o v e r a l l  s o lu t io n  c o n s i s t s  
i n  c o n t r o l l i n g  th e  m agn itu de  o f  th e  f o l lo w i n g  v a r ia b le s  
w i t h i n  s p e c i f i e d ,  t o l e r a b l e  l i m i t s :
( i )  Maximum bend in g  r a d iu s  o f  c u r v a tu r e  i n  th e  
o verben d
( i i )  N e g a t iv e  bend ing  moment a t  th e  p o in t  o f  
d e p a r tu re  from  th e  s t in g e r
( i i i )  Bending moment in  th e  sagbend th ro u g h  th e  
a p p l i c a t i o n  o f  a s u i t a b l e  h o r i z o n t a l  te n s io n  
on th e  p ip e  a t  th e  la y b a r g e .
In  th e  p u b l is h e d  l i t e r a t u r e ,  t h r e e  approaches have  
g e n e r a l l } ’’ been ta k e n  in  c o n s t r u c t in g  m a th e m a t ic a l  s o lu ­
t io n s  . They a r e :
(a )  A R IG ID  PIPE approach u s in g  s t r u c t u r a l  
a n a ly s is  and beam-column ty p e  s o lu t io n s .
(b )  A FLEXIBLE PIPE approach w h ich  c o n s id e rs  th e  
p ip e  to  p e r fo rm  as a n a t u r a l  c a te n a r y  d u r in g  th e  la y in g  
o p e r a t io n .  N a t u r a l  c a te n a r y  ty p e  s o lu t io n s  w i t h  a p p ro ­
p r i a t e l y  chosen boundary c o n d i t io n s  a re  used.
(c )  A PARTIALLY-RIGID PIPE approach  w h ich  c o n s id e rs  
th e  p ip e  to  p e r fo rm  as a s t i f f e n e d  c a te n a r y  d u r in g  la y in g  
o p e r a t io n s .  An a s y m p to t ic  exp an s io n  o f  th e  beam-column  
s o lu t io n  is  used h e re .
S m a ll d ia m e te r  p ip e  b e in g  l a i d  by th e  c o n v e n t io n a l  
l a y  b a rg e  te c h n iq u e  i n  deep w a te r  o r  in t e r m e d ia t e
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d ia m e t e r / t h ic k n e s s  p ip e  b e in g  l a i d  by a n g le d  ramp 
barges do behave in  th e  manner sugg ested  by th e  f l e x i b l e  
p ip e  s o lu t io n .  Larg e  d ia m e te r  and d ia m e t e r / t h ic k n e s s  
p ip e  l a i d  by e i t h e r  method in  deep w a te r  behaves in  a 
r i g i d  m anner. Between e i t h e r  o f  th e s e  extrem es is  th e  
p e rfo rm an ce  p a t t e r n  o f  most commonly d e s ig n e d  systems.
C l e a r l y ,  f o r  th e  purposes o f  th e  model b e in g  deve loped  
h e re  th e  chosen' approach  (o r  c o m b in a t io n  o f  ap proaches)  
must be c a p a b le  o f  a d e q u a te ly  s im u la t in g  most common 
c o n f i g u r a t i o n s .
(a )  R ig id  Pig_e_Ap_proach The M etho d_o f Dale^r (21_)
The exam ple a n a ly s is  chosen to  i l l u s t r a t e  t h i s  approach
! |
i s  t h a t  due to  DALEY (2 1 )  . The a n a ly s is  p ro v id e s  a method  
o f  o p t im iz in g  r e q u i r e d  te n s io n  l e v e l  and s t i n g e r  le n g t h  
s im u lta n e o u s ly  u s in g  a g r a p h ic a l  o v e r la y  te c h n iq u e .
C h a rts  f o r  th e  o v e r la y  process  a re  o b ta in e d  by a 
co m p u te r ize d  f i n i t e  e le m e n t i t e r a t i v e  method and a re  based  
on th e  re q u ire m e n t  t h a t  te n s io n  l e v e l  be o p t im is e d  w i t h  
re s p e c t  to  e i t h e r  minimum s t i n g e r  le n g t h  o r  maximum 
a v erag e  r a d iu s  o f  c u r v a tu r e  o f  th e  s t i n g e r .  F ig .  2 .2 9A  
d e f in e s  th e  system  un der c o n s id e r a t io n  w h i le  F ig .  2 .29B  
th ro u g h  H d e t a i l s  th e  com plete  s o lu t io n  p ro c e d u re .
Two in d e p e n d e n t re g io n s  o f  th e  c o n v e n t io n a l  la y in g  
system a re  re c o g n iz e d  in  t h i s  a n a ly s is :  ( i )  A p i p e l i n e
p o r t io n  ( th e  sagbend) and ( i i )  A s t i n g e r  p o r t io n  ( t h e
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o v e r b e n d ) . The b e h a v io r  o f  each p o r t io n  w i t h  r e s p e c t  to  
th e  chosen system v a r i a b l e s ,  such t h a t  th e  maximum bend ing  
moment a c h ie v e d  anywhere i s  th e  a l lo w a b le  v a lu e ,  is  
p l o t t e d  g r a p h i c a l l y  and s e p a r a t e ly .  The i n t e r s e c t i o n  o f  
th e s e  two graphs th en  corresponds to  th e  s o l u t i o n  o f  two 
s im u lta n e o u s  e q u a t io n s  -  one f o r  th e  p i p e l i n e  p o r t io n ,  th e  
o t h e r  f o r  th e  s t i n g e r .  Each p o r t io n  w i l l  now be s t u d ie d .
( i )  The £ i £ e l i n e _ p o r t i o n _ o r  Sag Bend (See F ig .  2 . 2 9 ,  
B, C, ancl D)
Regard t h i s  p o r t io n  as a f r e e l y  s u p p o rte d  p i p e l i n e  
o f  c o n s ta n t  f l e x u r a l  r i g i d i t y  ( E l )  and c o n s ta n t  submerged
w e ig h t  p e r  u n i t  le n g t h ,  ( l b s / f t ) .  C o n s id e r  a d i f ­
f e r e n t i a l  e lem en t o f  le n g t h ,  A S  as shown in  F ig u r e  2 .9 B .  
C l e a r l y  h o r i z o n t a l  fo rc e s  a re  c o n s ta n t  th ro u g h o u t  th e  
system , i . e .  H -  Const .
Summing v e r t i c a l  fo r c e s  we o b ta in :
£ * >  = 0 ■ VL -  VR -  WT S * S
OR
VL = V R  +  WI S A.S  ( 2 . 1 1 7 )
Summing moments from  th e  l e f t :
£ m =  0 = Ml  -  Mr  -  H AS s i n  9 +  V A S c o s  0
+  ( A S ) ^  cos 0
-  Mr  -  H AS s in  9 +  V AS cos 9  ,
ig n o r in g  second o r d e r  te rm .
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OR
Ml  = Mr  +  (H s in  9 -  V cos 9 ) A  S ( 2 . 1 1 8 )
The v a r i a t i o n  o f  b o th  v e r t i c a l  f o r c e  and bend ing  
moment w i t h  a rc  le n g th  has now been d e f in e d .  A few  
v e r y  b a s ic  r e l a t i o n s h i p s  now p e rm it  d e s c r ip t io n  o f  th e  
v a r i a t i o n  o f  a n g le  and h e ig h t  above sea b o tto m  w i t h  a rc  
l e n g t h .  These a r e :
From b a s ic  m e c h a n ic s :
M  -  E l  r e l a t i n g  moment, f l e x u r a l  r i g i d i t y  and 
p r a d iu s  o f  c u r v a tu r e .
From a n a l y t i c a l  geom etry:
1 = d9
9 3 s “
2 2 1 3/2
r e l a t i n g  ra d iu s  o f  c u r v a tu r e  to  a rc  le n g t h  
Combining th e s e  two e q u a t io n s  g iv e s :
OR
0 L = 0 R +  m l / e i  • A S ( 2 . 1 1 9 )
Then from  T r ig o n o m e try :
A Y Si n  9  = Yl  -  Yr
AS
So
YL =  Y r  +  AS S in  8 l (2 . 120)
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E q u a tio n s  ( 2 . 1 1 7 ) ,  ( 2 . 1 1 8 ) ,  ( 2 . 1 1 9 )  and ( 2 . 1 2 0 )  a re  
now used i t e r a t i v e l y ,  s u b je c t  tp  boundary c o n d i t io n s ,  to  
converge to  a s p e c i f i e d  maximum a l lo w a b le  bend ing  moment 
such as was d e r iv e d  in  S e c t io n  ( 2 . 3 . 1 ) .  The obvious  
boundary c o n d i t io n s  a r e :
A t  S = 0
(Sea F lo o r ) = o
<
R
Y r  = 0
MR = 0  (2 .1 21 )
A n a ly s is  is  b e s t  made from  th e  sea f l o o r  (S = 0) end 
o f  th e  p ip e ,  w o rk in g  tow ards th e  s t i n g e r  (See F ig .  2 . 2 9 A ) ,  
u s in g  the  re m a in in g  v a r i a b l e  as th e  i t e r a n t .  The 
c h o ic e  o f  i n i t i a l  ( i . e .  @ S = 0)  d e te rm in e s  th e  maximum 
moment c a l c u l a t e d  f o r  th e  system . However, moments 
a lo n g  th e  e n t i r e  p i p e l i n e  p o r t io n  must be d e te rm in e d  
b e fo r e  th e  v a lu e  o f  t h i s  maximum is  known. The f i n i t e  
e le m e n t method p e rm its  th e  r e q u i r e d  movement up th e  l i n e ,  
e lem en t by e le m e n t s in c e  th e  VL- ML ’ 0  and d e te rm in e d  
from  th e  fo u r  e q u a t io n s  above f o r  a p a r t i c u l a r  e lem en t  
a re  th e  V^, M^, 0 ^ , and o f  th e  succeed in g  e le m e n t.  
I t e r a t i o n  t h e r e f o r e  im p l ie s  v a r y in g  th e  assumed VR @ S = 0 ,  
c a l c u l a t i n g  th e  maximum moment a t t a i n e d ,  th en  v a ry in g  
i t s  v a lu e  and r e p e a t in g  th e  process  u n t i l  th e  d e s i r e d  
maximum a l lo w a b le  bend ing  moment is  a c h ie v e d .
H aving  o b ta in e d  th e  d e s i r e d  converg en ce , Y v s . 0  i s
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p l o t t e d  f o r  th e  e n t i r e  suspended system ( f ro m  S = 0) 
th ro u g h  p o in ts  o f  maximum p o s i t i v e  moment (maximum 
a l lo w a b le  m om ent), ze ro  moment ( p o in t  o f  i n f l e c t i o n ) , 
maximum n e g a t iv e  moment (somewhere w i t h i n  th e  o v e r b e n d ) .
By u s in g  a number o f  f e a s i b l e  h o r i z o n t a l  fo rc e  v a lu e s  
(H) a f a m i ly  o f  such cu rv es  can be drawn, each te r m in a t in g  
a t  th e  p o in t  (Y) o f  maximum n e g a t iv e  moment (w h ich  w i l l  
a ls o  be th e  maximum a l lo w a b le  v a l u e ) . The lo cu s  o f  
th e s e  p o in ts  o f  t e r m in a t io n  (See F ig .  2 .2 9 C ) i s  a graph  
o f  Y v s . Q f o r  p o in ts  o f  maximum n e g a t iv e  a l lo w a b le  
moment as H is  v a r ie d .  T h is  w i l l  be m atched w i t h  th e  
c o rre s p o n d in g  p l o t  f o r  th e  s t i n g e r  p o r t i o n .
( i i )  The S t in g e r  P o r t io n  on th e _ 0 v e rb e n d  (See 
F ig >._ 2 J_29>, _E^_ F , _and_G7
I n t e r e s t  h e re  c e n te rs  on th e  v a r i a t i o n  o f  a n g le  o f  
c u r v a tu r e  o f  th e  s t i n g e r  ( 21) w i t h  h e ig h t  above sea  
b o tto m  ( h ) . F ig .  2 .2 9 E  i l l u s t r a t e s  th e  h e i g h t / a n g u l a r  
r e l a t i o n s h i p s  f o r  a f i n i t e  e le m e n t o f  th e  s t i n g e r .  S im ple  
g e o m e tr ic  r e l a t i o n s h i p s  g iv e  th e  f o l lo w in g  g o v e rn in g  
e q u a t io n s :
c / 3  -  a ) = s l / q
OR
/ 3 =  S L /p  +  C t  ( 2 .1 2 2 )
h = Z -  1
= Z - ( f i - W D - a ) .
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-  Z -y 0 +  WD 4-yO (1  * Cos )
= pCos +  WD +  p  -  p  Cos
h = WD + jO(Cos J2 “ C o s Q ) ( 2 .1 2 3 )
E q u a tio n s  2 .1 2 2  and 2 .1 2 3  can be s o lv e d  g r a p h i c a l l y ,  
s im u l ta n e o u s ly ,  by d raw in g  th e  f a m i ly  o f  cu rves  o f  h vs.
o b ta in e d  by v a r y in g  s t i n g e r  le n g t h  (SL) and c u r v a tu r e  
(2 1 )  k e e p in g  th e  o t h e r  term s (Q(,W D) c o n s ta n t .  The 
r e s u l t  is  i l l u s t r a t e d  in  F ig .  2 .2 9 G . I t  i s  n o te w o rth y  
t h a t  w a te r  depth  (WD) can be r e a d i l y  in t ro d u c e d  as a 
f i f t h  v a r i a b l e  i t s  e f f e c t  b e in g  a s h i f t  ( h o r i z o n t a l )  
o f  th e  f a m i ly  o f  cu rves  ( 21 ) .
( i i i )  The S o lu t io n j  (See F i g . _ 2 ^291^1)_
As p o in t e d  o u t by DALEY ( 2 1 ) ,  p o s s ib le  s o lu t io n s  
e x i s t  a t  e v e ry  p o in t  o f  i n t e r s e c t i o n  o f  th e  overbend  
and sagbend f a m i l i e s  o f  curves  as p r e v io u s ly  g e n e ra te d  
and i l l u s t r a t e d  in  F ig s .  2 .2 9  D and G. These a re  b e s t  
ob served  by u s in g  an o v e r la y  te c h n iq u e  as d is c u s s e d .  
However, o p t im a l  s o lu t io n s  can o n ly  be d e te rm in e d  th ro u g h  
th e  im p o s i t io n  o f  a d d i t i o n a l  c o n s t r a in t s .
R e c a l l  t h a t  th e  o b j e c t i v e  is  to  o p t im is e  s t i n g e r  
le n g t h  (SL) and r e q u i r e d  te n s io n  a t  th e  la y  b a rg e  ( T ) .
I n  th e  i n i t i a l  s tag e s  o f  d e s ig n  when th e  s t i n g e r  has 
n o t  y e t  been b u i l t ,  we w ould  w ant to  m in im iz e  s t i n g e r  
le n g t h  (m in im iz e  c o s t ) . L a t e r  as th e  barg e  moves 
c lo s e r  to  s h o re , w a te r  depths change w h i le  s t i n g e r
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le n g th  is  f i x e d .  I n  t h i s  case we w ould  w ant to  
m in im iz e  s t i n g e r  c u r v a t u r e ,  thus m in im iz in g  s t re s s  and 
chance o f  damage to  p ip e  and s t i n g e r .
E i t h e r  r e q u ire m e n t  can be s a t i s f i e d  th ro u g h  th e  
o v e r la y  te c h n iq u e .  T h is  i s  i l l u s t r a t e d  in  F ig .  2 .2 9 H  
where examples o f  b o th  a re  shown. Maximum w a te r  d ep th ,  
and minimum r a d iu s  o f  c u r v a tu r e  a l lo w e d ,  c o n s t r a in  
minimum s t i n g e r  le n g t h .  T h is  s o lu t io n  t h e r e f o r e  c o r r e ­
sponds to  th e  i n t e r s e c t i o n  o f  th e  Q  . l i n e  w i t h  th e  r mm
p i p e l i n e  s o lu t io n  c u rv e .  For th e  second c a s e n „  is  a t  r r max
th e  i n t e r s e c t i o n  o f  th e  c o n s ta n t  SL c u rv e  w i t h  th e  p i p e ­
l i n e  s o lu t io n  c u rv e .
■ r
F i g .  2 .2 9 1  i l l u s t r a t e s  a com ple ted  d e f le c t e d  fo rm  
and moment d iag ram  f o r  a system such as has been d is c u s s e d .
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(b )  F I e x i b l e  _P ip  e App.r o a c h _ -_ T h e _ N a tu ra  1 at£_n £ r Y 
I n  t h i s  approach  i t  i s  assumed t h a t  th e  u n su p p o rted  
p o r t io n  o f  th e  p i p e l i n e  ( t h e  sagbend) assumes th e  shape  
o f  a n a t u r a l  c a te n a r y .  The c a te n a r y  has been c l a s s i c a l l y  
d e f in e d  as th e  shape ad op ted  by a heavy u n ifo rm , f l e x i b l e  
and i n e x t e n s i b l e  c a b le  lo a d e d  o n ly  by i t s  own w e ig h t .  The 
c l a s s i c  e q u a t io n  f o r  i t s  shape can be d e r iv e d  as fo l lo w s  
( r e f e r  F i g .  2 .3 0 ,  i n s e t ) .  C o n s id e r  a f r e e  body d iag ram  
o f  a segment o f  th e  c a b le .  L e t  fo rc e s  a t  th e  ends be 
H and T as shown. L e t  W^g = W e ig h t /U n i t  l e n g t h ,  thus
w e ig h t  o f  th e  segment i s  WmgS.
Y
0
F IG . 2 .3 0 :  THE NATURAL CATENARY
Then a f o r c e  e q u i l i b r i u m  g i v e s :
T cos 0 -  H = 0 and T s in  0 -  WrpgS = 0 
w hich g iv e  by e l i m i n a t i o n :  
ta n  0  =
“ H
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D i f f e r e n t i a t i o n  o f  t h i s  e q u a t io n  g iv e s :
d 9  sec2 9  = WT<3 ------------ (b )
S F -  - I S
o o
Now ta n  6  =» = y '  , Sec 9  = 1 +  y '  (T r ig o n o m e try )
dx
a ls o  d 9 =  X.'.' from  a n a l y t i c a l  geom etry .
d i -  (1 +
S u b s t i t u t in g  in t o  e q u a t io n  (b ) we o b t a in :
 I V 177 -  - - - « = >
<l + y ,z) H
T h is  is  r e a d i l y  s o lv e d  by s u b s t i t u t i o n  ( y f = V) as a
s im p le  d i f f e r e n t i a l  e q u a t io n ,  y i e l d i n g
S inh   ̂ y 1 = \ x +  C-, OR dy = S inh ( X x  +  C-, v
1 dx L)
I n t e g r a t i n g :
X y  = Cosh ( \ x  -+* C^) +
where C-̂  and C2 a re  c o n s ta n ts  o f  i n t e g r a t i o n .
y = H Cosh 
WTS
where Cl = C2/ X
WTS + C, 
H
+ -  -  -  (d )
T h is  i s  th e  g e n e r a l  e q u a t io n  f o r  th e  c a te n a r y .  and
a re  a d ju s te d  to  s a t i s f y  end c o n d i t io n s .
Obvious end c o n d i t io n s  a p p l ic a b l e  to  th e  system  under
stu d y  w ou ld  be:
( i )  y '  = 0 5  x = 0 i . e .  A t a n g e n t i a l  p ip e  a t
p o in t  o f  c o n ta c t  w i t h  
sea f l o o r .
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( i l )  y = 0 @ x = 0 I . e .  The o r i g i n  o f  our
c o - o r d in a t e  system  is  
a t  t h i s  p o in t  o f  c o n ta c t .
These y i e l d  v a lu e s  o f  = 0 and -  - 1 .  The r e s u l t i n g
form  o f  th e  c a te n a r y  e q u a t io n  a p p l ic a b l e  to  ou r system
is  t h e r e f o r e
y -  h 
WTS
w i t h  th e  p r o v is o  t h a t  is  c o n s ta n t .  T r a n s la t e d  in
terms o f  th e  n a tu r e  o f  our system , t h is  r e q u ir e s  t h a t  
th e  e n t i r e  p i p e l i n e  s e c t io n  be submerged.
A s p e c i f i c a t i o n  o f  th e  a n g le  o f  th e  p ip e  w . r . t .  
th e  h o r i z o n t a l  as a f u n c t io n  o f  p o s i t i o n  a lo n g  i t ,  can 
be o b ta in e d  from  e q u a t io n  ( a ) :
* \
Cosh -  1 --------- (2
6 (s )  = ta n -1 wTSs
H
c o t ^ H \
I TS/
  ( 2 .1 2 4 )
The a x i a l  te n s io n  a t  any p o in t  a lo n g  th e  l i n e  is  
g iv e n  by th e  r e l a t i o n s h i p :
T (S )  = (V2 +  H2 ) . . .  ( 2 .1 2 5 )
where
V = wt s l
L = T o t a l  L e ng th  o f  th e  l i n e .
The e q u a t io n s  d e v e lo p e d  above f o r  th e  n a t u r a l  
c a te n a ry  a re  n o t  d i r e c t l y  a p p l i c a b l e  to  most p i p e l i n e  
systems even w here i t s  shape approaches t h a t  o f  th e  
c a te n a ry  o v e r  most o f  i t s  le n g t h .  L a rg e s t  d e v ia t io n
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i n  such cases occurs a t  e i t h e r  end where ben d in g  
s t i f f n e s s  and in c o m p a t ib le  boundary c o n d i t io n s  cause  
d e v ia t io n s  from  th e  n a t u r a l  c a te n a ry  s o lu t io n s .  In  
p r a c t i c e  t h e r e f o r e  th e  e q u a t io n s  above a re  m o d i f ie d  by  
making th e  end c o n d i t io n s  more r e p r e s e n t a t iv e  o f  a 
system  w i t h  some s t i f f n e s s .
D ixon  and R u t le d g e  (2 5 )  suggests t h a t  s in c e  f o r  a
n a t u r a l  c a te n a ry  th e  maximum c u r v a tu r e  occurs  a t  the
p o in t  o f  c o n ta c t  w i t h  th e  sea f l o o r  ( a t  some d is ta n c e
above f o r  a s t i f f e n e d  c a t e n a r y ) , minimum te n s io n  a t
th e  p o in t  o f  z e ro  moment sh o u ld  be chosen to  m in im iz e
c u r v a tu r e  and hence b e n d in g  s t re s s  a t  th e  sea f l o o r .
T h is  minimum te n s io n  and r e q u i r e d  a n g le  can be a r r i v e d
a t  as f o l l o w s :
BENDING MOMENT @ any p o in t  *
(Assuming some s t i f f n e s s  as 
f o r  a s im p le  beam)
Then, MAXIMUM MOMENT (w h ich  is  
assumed to  oc cur a t  th e  
p o in t  o f  tangency w i t h  
sea f l o o r  i . e .  @ S = 0 ) ,
^Max
Hence, MAXIMUM BENDING STRAIN
= W„,n . D +2t . M .1  (D +  2 t ) WTS
2 T = 2H
E l d 9
 3 ?
E l  H
~7-------- 2— 7H +






H = (D 4- 2t)W,
TeZ
TS   (2.126)
The w a te r  dep th  and a n g le  o f  th e  p ip e  w . r . t .  th e  v e r t i c a l  
a t  th e  p o in t  o f  ze ro  moment can be o b ta in e d  by m u l t i p l e  
s im p le  s u b s t i t u t i o n  and m a n ip u la t io n  betw een e q u a t io n s  
( 2 . 1 2 3 ) ,  ( 2 .1 2 4 )  and ( 2 . 1 2 6 ) .  These a re  g iv e n  by th e  
f o l lo w in g  e x p r e s s io n s :
y = W.D. = L
%
H
: 2 "2"  
TS
+  1 H
WTSL
0(@S = L) = C o t"1 
= C o t”1
H
WTSL
  ( 2 .1 2 7 )
by e q u a t io n  ( 2 . )
I  +  2 £ ,  W. D
-  1
D + 2 t
%
  ( 2 .1 2 8 )
C o rre sp o nd in g  p ip e  te n s io n  a t  t h a t  p o in t  is
T(@S = L) = (V^ + H^) from  e q . ( 2 .1 2 5 )
2 2 2 ^  -  ( W ^ l /  +  H )
= W,TS W.D. +  D +  2 t2
by s u b s t i t u t i o n
-  -  -  ( 2 .1 2 9 )
These c o n d i t io n s  d e r iv e d  above a p p ly  from  th e  sea f l o o r  
to  a p o in t  o f  i n f l e x i o n  o r  o f  z e ro  b end ing  moment. Where 
a c o n v e n t io n a l  barg e  system  is  used, th e  c a te n a r y  r e l a ­
t io n s h ip s  may be i n t e r f a c e d  w i t h  overbend r e l a t i o n s h i p s
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s i m i l a r  to  th o se  d e v e lo p e d  in  th e  p re v io u s  s e c t io n  ( a ) .
An a l t e r n a t i v e  developm ent w hich  e s t a b l is h e s  an 
a p p ro x im a te  maximum b end ing  moment a lo n g  th e  sagbend in  
terms o f  th e  d e s ig n  p a ra m e te rs  and p ip e  c u r v a t u r e ,  s t i l l  
assuming an a p p ro x im a te  c a te n a ry  shape o v e r  most o f  the  
p ip e  le n g t h ,  is  as fo l lo w s :
For a system  w i t h  f i n i t e  s t i f f n e s s  as m ention ed  
e a r l i e r ,  i t  i s  w e l l  e s t a b l is h e d  t h a t  th e  p o in t  o f  
maximum bend in g  moment occurs a t  some d is ta n c e  above  
th e  p o in t  o f  c o n ta c t  w i t h  th e  sea f l o o r .  T h is  d is ta n c e  
i s  c a l l e d  th e  " C h a r a c t e r i s t i c  Len g th " f o r  th e  system  and 
i s  g iv e n  b y :
( 2 .1 3 0 )
R e c a l l  t h a t :
M = E l ( 2 .1 3 1 )
where
1 /Q = d ^ Y 2 1 3/2 ( 2 .1 3 2 )
and th e  p a r a m e t r ic  e q u a t io n  f o r  a ca tenary*.
Y = D +  2 t  Cosh from








| D +  2 t j  







D + 2 t
2 £
D + 2 t
Cosh 2x £
D~TTtl 
  ( 2 .1 3 4 )
A t th e  p o in t  o f  maximum bend in g  moment, th e  f o l lo w in g  
c o n d i t io n s  h o ld :
'MBM
1 /3   ( 2 .1 3 5 )
S u b s t i t u t in g  i n t o  e q u a t io n  ( 2 . 1 3 3 ) ,  th e  p a r a m e t r ic  e q u a t io n  
f o r  th e  c a te n a r y ,  th e  c o rre s p o n d in g  v a lu e  o f  X i s :
2 £X>/fTj v/f = D +  2 t  Cosh MBM — -----
-1
b
D +  2 t
El M / 3
ŴTS)
+  1
-  -  -  ( 2 .1 3 6 )
S u b s t i t u t in g  e q u a t io n s  ( 2 . 1 3 4 ) ,  ( 2 .1 3 5 )  and ( 2 .1 3 6 )  in t o  




D + 2 t  
2XMBM£ b'
2XMBMS b








D + 2 t  
3 /2
S inh
T h e n :
M MAX *  E l 2 €
— b




1 + (s in h (c o s h -1(5^ - ( ^ - j l
/ 3
2 £ b 
D + 2c
3 /2^ni
 ( 2'. 13 /5
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The consequent d e s ig n  c r i t e r i o n  from  t h i s  developm ent  
w ould  r e q u i r e  t h a t  ^  ^C R IT  as ^e:^ nec* ^y t îe
developm ent in  S e c t io n  ( 2 . 3 . 1 ) .
(c )  P a r t i a l l y - R i g i d  Pipej_ _ th e _ S t i f fe n e d _ C a te n a rg  
The b e h a v io r a l  assum ption  h e re  f o r  th e  p i p e l i n e  is  
t h a t  o f  a s im p le  beam w i t h  sagbend shape a s y m p t o t ic a l ly  
a p p ro a c h in g  t h a t  o f  a c a te n a r y .  F ig .  2 .3 1  i l l u s t r a t e s  





F IG . 2 .3 1 :  AN ELEMENT OF THE SIMPLE BEAM
E q u i l ib r iu m  c o n d i t io n s  f o r  such an e le m e n t a re  as fo l lo w s  
E l  d20  +  H Cos9 -  V S in 0  = 0  -  -  - ( a )
ds
dH = 0 i . e .  H = C onst.
3s
dV = WTq o r  V *  WrpqS; s — 0 (3 V = 0
d i” /
dy = Cos 0  ; dx = S in  9  ; M = - E I d 9_ 
ds ds ds
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P lu n k e t t  (5 3 )  in t ro d u c e d  a n o n -d im e n s io n a l n o t a t io n  
w hich  s i m p l i f i e s  the  e q u a t io n s  somewhat. He suggests th e  
f o l lo w in g  p a ra m e te rs :
Z = S /L  = V/Wt s L; Zq 4  Z 4  1
h = H/Wt s L; <*2 = E I /W L3 -  -  -  (c )
m = M L /E I  = _ d©
dz
S u b s t i t u t in g  th e s e  in t o  e q u a t io n  (a )  g iv e s  th e  c la s s ic  
beam e q u a t io n s  i n  d im e n s io n le s s  form:
^  d ^ 9  +  h Cos 0  -  z S in  $  -  0
*
  ( 2 .1 3 8 )
Fo r n a t u r a l  c a te n a r y  c a l c u l a t i o n s ,  such as d is c u s s e d
2i n  th e  p re v io u s  s e c t io n ,  c< 0 and s o lu t io n  o f  th e
e q u a t io n s  le a d  to  th e  c l a s s i c  n a t u r a l  c a te n a r y  e q u a t io n
d e ve lo p e d  t h e r e .  F or th e  s t i f f e n e d  c a te n a r y ,  how ever,
201 cannot be n e g le c te d  though s m a l l .  F u r t h e r ,  th e  
fo rm  o f  e q u a t io n  ( 2 .1 3 8 )  r e q u i r e s  two boundary  c o n d i t io n s  
in v o lv in g  0 a n d /o r  0 1 a t  one o r  b o th  ends. Thus 
e i t h e r  th e  s lo p e  o r  bend ing  moment o r  a s u i t a b l e  r e l a t i o n ­
sh ip  betw een them must be s p e c i f i e d  a t  e i t h e r  end.
An e x a c t  s o lu t io n  to  th e  p ro b lem  does n o t now e x i s t  
b u t  P lu n k e t t  ( 5 3 )  suggests th e  f o l lo w in g  a s y m p to t ic  
ex p an s io n  as an a p p ro x im a te  s o lu t io n  f o r  th e  shape o f
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th e  p i p e l i n e :  ( w . r . t .  a n g le  from  th e  v e r t i c a l )
Q ( z )  = Q ( z , c x ) +  § l ( z , < x )  exp£ — <7(z -  Zq) 
q 1 ( z ) ]  +  l|/-j_(z, oc ) exp£ -  <7(1 -  z )  
q2 ( z )J  ---------  ( 2 .1 3 9 )
where O’ *  l/o<
*1 ( z )
0 = A s e r ie s  ex p an s io n  w h ich  s a t i s f i e s
e q u a t io n  (2 1 3 9 ) b u t  n o t  th e  boundary  
c o n d i t io n s .  I t  is  a b s o lu t e ly  c o n v e rg e n t
i f  0 £  1 and cX^ <  h^ .
E x p o n e n t ia l ly  d e c a y in g  fu n c t io n s  chosen  
such t h a t  0 ( z )  s a t i s f i e s  th e  boundary  
c o n d i t io n s  a t  z = z and z = 1 .
M 1 *T i  . . .
1 /4
q 2 <z > = T r 4 - z)  f  ^  2 +  h 2 >
z
I f  th e  s o lu t io n  i s  r e s t r i c t e d  to  p ip e  s iz e s  and w a te r  depths  
2
such t h a t  0< 1 . 0 ,  th e n  in  e q u a t io n  ( 2 . 1 3 9 ) ,
^  ( z ,  o<) t a n ~ ^ j j i j== •  -1 
F u r t h e r  i f  we assume t h a t :
( i )  A t z *  z Q, th e  p i p e l i n e  i s  ta n g e n t  to  a 
h o r i z o n t a l  sea f l o o r .
( i i )  A t  z = z Q, th e  p i p e l i n e  i s  moment f r e e .
( i i i )  A t  z = 1, th e  p i p e l i n e  is  assumed moment 
f r e e .
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T h e n :
-10 ( z )  *  ta n  / h i  c< exp f -  <x(z -  z )
UJ " ^71 L °
q (z) J + oC h  exp £ - CT ( 1 - z)
(h2 + 1 ) 5 / 4
q 2 ( z ) j    ( 2 .1 4 0 )
The a n g le  w . r . t .  th e  v e r t i c a l ,  minimum te n s io n  and  
w a te r  depth  to  th e  p o in t  o f  ze ro  moment a re  g iv e n  by 
th e  f o l lo w i n g  e x p r e s s io n s :
6 = t a n ”1 (h ) +  [ex. h /  (h 2 +  1)5 /4 J  ( 2 .1 4 1 )
T = WL(h2 +  1)1/2   ( 2 .1 4 2 )
W.D. = L [ ( h 2 +  1)1/2 -  (h2 +  z 2 )
+  O' 2 I________ 1__________  h2
2 . , * 2’j  ]
h1 / 2 (h 2 +  z 2)3/4 <h +N o '
  ( 2 .1 4 3 )
where "h" is  y e t  to  be s p e c i f i e d .
As d is c u s s e d  e a r l i e r ,  th e  maximum moment occurs a t  
some d is ta n c e ,  Z, above ZQ and i s  g iv e n  by th e  e x p re s s io n :
m |max = 2 £ bL = h (h 2 +  Z2)I/4
(h 2 "+  Z 2 )
exp [<S (Z -  ZQ) ( h 2 +  ZQ)1/4 ]
  ( 2 .1 4 4 )
S in c e  t h i s  p o i n t ,  Z, i s  a ls o  th e  p o in t  o f  maximum c u r v a tu r e ,
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d (dB ) 2hZ
3 7  I 7 F T Z = jr ■ (h Z +  Z2 } z <r( h2 + z2) 3̂ 2 
 ^
2h3/2 (h 2 +  Z2)3/4 
exp [ - < T ( Z  -  ZQ) ( h 2 +  Z2 ) 1 /4 ] = 0
  ( 2 .1 4 5 )
nh" must be chosen such t h a t  "h "  and ,TZ" s im u l ta n e o u s ly  
s a t i s f y  e q u a t io n  ( 2 .1 4 4 )  and ( 2 . 1 4 5 ) .
As w i t h  th e  n a t u r a l  c a te n a r y  th ese  e q u a t io n s  d e v e lo p e d  
above f o r  th e  sagbend may be i n t e r f a c e d  w i t h  overbend  
e q u a t io n s  such as d e ve lo p e d  in  (a )  to  g iv e  a system  s o lu ­
t i o n .
The n o n -d im e n s io n a l  maximum moment, m m̂ y be
c o n v e r te d  i n t o  d im e n s io n a l form  to  g iv e :
MAX
The c o rre s p o n d in g  e x p re s s io n  may be u t i l i z e d  in  
d e s ig n  to  en sure  t h a t  ^  ^  MCRIT d eve lop ed
S e c t io n  ( 2 . 3 . 1 ) .
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2 . 3 . 3  EFFECT OF THE CONCRETE COATING ON STRUCTURAL R IG ID IT Y
A l l  d is c u s s io n  thus f a r  has been based on th e  
assum ption  o f  an u n co ated  p ip e .  JIRSA e t  a l  (37 ) 
s t u d ie d ,  e x p e r im e n t a l ly  and t h e o r e t i c a l l y ,  th e  e f f e c t  
o f  th e  p resen ce  o f  th e  c o n c re te  c o a t in g  on f l e x u r a l  
r i g i d i t y  o f  th e  p i p e l i n e  s t r u c t u r e .  F ig .  2 .3 2 A , B, 
and C i l l u s t r a t e s  th e  t h e o r e t i c a l  r e s u l t s  o b ta in e d .
in
- 5W52S__
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Some o f  th e  c o n c lu s io n s  o f  t h i s  s tud y  r e l e v a n t  to  
o u r d is c u s s io n  a re  as fo l lo w s :
( i )  T h e o r e t i c a l  r e s u l t s  based on s t e e l  and  
c o n c re te  p r o p e r t ie s  o f  F ig .  2 .3 2 ,  A, B, r e s p e c t i v e l y ,  
i n d ic a t e d  an in c re a s e  in  f l e x u r a l  r i g i d i t y  in  th e  
i n e l a s t i c  r e g io n  o f  from  207, ( l n c o a t in g )  to  607. (4"  
c o a t i n g ) .  T h is  is  i l l u s t r a t e d  i n  F ig .  2 .3 2  C. Ex­
p e r im e n ta l  r e s u l t s  showed th e  e f f e c t  to  be n o t  as 
g r e a t ;  from  207, to  57>.
( i i )  C ru sh in g  o f  th e  c o n c re te  once i n i t i a t e d  occurs  
a t  c l o s e l y  spaced i n t e r v a l s  and a l lo w s  s l ip p a g e  betw een  
s t e e l  and c o n c re te  r e s u l t i n g  i n  n e g l i g i b l e  in c re a s e
i n  f l e x u r a l  r i g i d i t y  by th e  p res en c e  o f  c rushed  c o n c r e te .  
T h e n :
E l  *  E l THEOR. (1 +  ° - 05cc> -  '  '  ( 2 ' 146)
2 . 3 . 4  COMPARISON OF AVAILABLE PREDICTION METHODS
C a r e f u l  c h o ic e  o f  a p r e d i c t i o n  method s u i t a b l e  f o r  
in c lu s io n  i n  an o p t im is a t io n  model such as is  b e in g  
d e ve lo pe d  h e re  i s  e s s e n t i a l .  The c u r r e n t  in d u s t r y  
s ta n d a rd  o f  a c c u ra c y  in  p i p e l i n e  d e s ig n  i s  a complex  
f i n i t e  b eam -e lem ent a n a ly s is  c a p a b le  o f  v a r y in g  beam 
p r o p e r t i e s  and lo ad s  c o n t in u o u s ly  a lo n g  i t s  le n g t h .
T h is  i s  i m p r a c t i c a l  f o r  use in  a model such as is  b e in g  
d e ve lo p e d  h e re  (con vergen ce  o f t e n  ta k e s  a week) .•
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C lo s e s t  i n  fo rm  to  t h i s  and, to  a l l  appearances (no  
c o m p a r i t iv e  s tu d ie s  have thus f a r  been p u b l is h e d  b u t  i t  
has s to od  th e  t e s t  o f  a c t u a l  use) in t e r m e d ia t e  betw een  
i t  and th e  s ta n d a rd  beam-column approach in  a c c u ra c y  i s  
th e  method o f  D a le y  (21 ) d e s c r ib e d  p r e v io u s ly .  In  
t h i s  s e c t io n  we w is h  to  compare th e  p r e d i c t i o n  p e rfo rm a n ce  
o f  th e  th r e e  d e f l e c t i o n  th e o r ie s  d eve lo p ed  e a r l i e r  w i t h  
th e  p u re  f i n i t e - e l e m e n t  method; w i t h  th e  p ro v is o  t h a t  
th e  method o f  D a le y  be re g a rd e d  as s i m i l a r  b u t con­
s id e r a b ly  ’’b e t t e r "  th a n  th e  s ta n d a rd  Beam-Column m ethod.
POWERS and FINN (54 ) have conducted  such a s tu d y  
and t h e i r  f in d in g s  a re  i l l u s t r a t e d  i n  F ig .  2 .3 3 .  Note  
t h a t  " l i f t - o f f  p o in t "  i s  a t  th e  t i p  o f  th e  s t i n g e r  and 
has been e q u a te d  to  th e  i n f l e c t i o n  o r  t r a n s i t i o n  p o in t  
in  th e  p re v io u s  d is c u s s io n .  The f o l lo w in g  is  a summary 
o f  t h e i r  f in d in g s  ex p re s s e d  as a com parison w i t h  th e  
f i n i t e  e le m e n t approach i n  each case:
NATURAL CATENARY:
(a )  F o r a c o n s ta n t  a p p l ie d  t e n s io n ,  th e  sagbend  
p r o f i l e  i s  in d e p e n d e n t o f  l i f t - o f f  a n g le .
(b ) Sagbend p r o f i l e  i n  deep w a te r  (1000  f e e t )  i s  
c o n s id e r a b ly  d i f f e r e n t  b u t  th e  s lo p e  o f  th e  
p ip e  a t  th e  u p p e r end i s  com p arab le .
(c )  The maximum bend ing  s t r e s s  p r e d ic t e d  ag rees  
th ro u g h  th e  m id d le  p a r t  o f  th e  sagbend b u t  
th e  end o r  boundary c o n d i t io n s  a re  n o t  
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(d )  In  s h a llo w  w a t e r  ( ^ 2 5 0  f e e t )  w i t h  s m a ll  t e n ­
s io n s  and s t i f f  p ip e s  th e  p r e d i c t i o n  i s  g r o s s ly  
i n  e r r o r .  However t h i s  e r r o r  tends to  d e c re a s e  
as th e  a p p l ie d  te n s io n  is  in c re a s e d .
(e )  The maximum s t r e s s  p r e d ic t e d  f o r  th e  sagbend  
a s y m p t o t ic a l l y  approaches r e fe r e n c e  v a lu e  as 
l i f t - o f f  a n g le  in c re a s e s .
STIFFENED CATENARY:
(a )  Fo r deep w a te r  c o n d i t io n s ,  f l e x i b l e  p ip e  and 
lo ng  spans, r e s u l t s  a re  i d e n t i c a l .
(b ) F or s h a l lo w  w a te r  c o n d i t io n s ,  s t i f f  p ip e  and  
s h o r t  spans, r e s u l t s  c o n s id e r a b ly  d i f f e r e n t  from  
a l l  beam m ethods.
(c )  In  a l l  cases , r e s u l t s  im prove in  agreem ent as 
th e  te n s io n  in c re a s e s .
!
(d )  Because o f  th e  r e s t r i c t i v e  assum ptions in  
t h e o r e t i c a l  d eve lopm en t, a s o lu t io n  may n o t  
e x i s t  un der some p r a c t i c a l  c o n d i t io n s .
BEAM-COLUMN
(a )  For w a te r  depths ^ 2 5 0  f g e t ,  s t i f f - p i p e  
and l i f t - o f f  a n g le  ^  30 , th e r e  is  
e x c e l l e n t  ag reem ent.
(b )  Agreement im proves in  a l l  cases w i t h  
in c r e a s in g  a p p l ie d  p ip e  te n s io n .
(c )  P r e d ic t e d  p ip e  s t re s s e s  h ig h e r  in  a l l  
c a s e s .
(d ) I n  deep w a te rs  and f l e x i b l e  p ip e  th e  
bend ing  s t re s s  diagram s d i f f e r  c o n s id e r a b ly  
by maximum s t re s s  d i f f e r s  by o n ly  13%.
On th e  b a s is  o f  th e s e  r e s u l t s  i t  is  re a s o n a b le  to  
conclude t h a t  th e  method o f  D a le y  i s  more th a n  ad equate
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f o r  s i t u a t i o n s  l i k e l y  to  be en counted  f o r  th e  o p t im is a t io n  
m odel. A lth o u g h  more a c c u ra te  and f l e x i b l e ,  th e  a d d i t i o n a l  
c o m p le x i ty  and e x c e s s iv e  com puting t im e  make th e  f i n i t e  
e le m e n t approach i n f e a s i b l e .  F u r t h e r ,  th e  r e s u l t s  
i n d i c a t e  t h a t  in  some s p e c i f i c  s i t u a t i o n s  com puting e f f o r t  
can be redu ced  by use o f  e i t h e r  n a t u r a l  o r  s t i f f e n e d  
c a te n a r y  t h e o r ie s  as a v a l i d  a p p ro x im a t io n .
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2 . 4  PREDICTING LONG-TERM CASH FLOWS IN  A CERTAIN
ESCALATIONARY, GROWTH ORIENTED ECONOMIC CLIMATE
I t  i s  now n e c e s s a ry  to  examine th e  economic  
a s p e c ts  o f  th e  subsea p i p e l i n e  system  b e f o r e ,  d u r in g ,  and 
a f t e r  i n s t a l l a t i o n .  T h is  can be a d e q u a te ly  h a n d le d  o n ly  
th ro u g h  a c o n c u rre n t  c o n s id e r a t io n  o f  th e  economic c l im a t e  
i n  w h ich  th e  s t r u c t u r e  must o p e ra te  and th e  consequent  
e f f e c t s  on cash r e c e i p t s  and d isbu rs em ents  (cash  f lo w s )  
th ro u g h o u t i t s  economic o r  o p e r a t in g  l i f e t i m e .  The 
o v e r a l l  o b j e c t i v e  is  to  deve lop  r e l a t i o n s h i p s  c a p a b le  
o f  a d e q u a te ly  p r e d i c t i n g  cash f lo w s  y e t  w r i t t e n  i n  
term s o f  th e  dom inant e n g in e e r in g  v a r i a b l e s .  A d d i t i o n a l l y ,  
th e  e f f e c t s  o f  th e  r e s u l t i n g  p a t t e r n  o f  cash f lo w s  on 
i n i t i a l  d e s ig n  and subsequent e x p a n s io n /s  w i l l  be 
o b serve d . Some i n i t i a l  assum ptions about th e  e x i s t i n g  
and ex p e c te d  economic c l im a t e  in  w h ich  th e  s t r u c t u r e  
w i l l  o p e ra te  f o r  i t s  e n t i r e  economic l i f e  must now be 
made.
The r e c e n t  p a s t  has seen an e r a  o f  p e r s i s t e n t ,  h ig h  
e s c a l a t io n a r y  r a t e s  a f f e c t i n g  th e  r e a l  m agnitudes o f  bo th  
co s ts  and r e c e i p t s .  By i t s  c o n t in u e d  e x is te n c e  i t  has 
d e f ie d  th e  b e s t  e f f o r t s  a t  s u b s t a n t i a l  r e d u c t io n  thus  
f a r .  I t  seems re a s o n a b le  to  assume t h a t  i t  w i l l  c o n t in u e  
i n  th e  form  o f  p e r s i s t e n t  o r  c re e p in g  i n f l a t i o n / e s c a l a t i o n .
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M o re o v e r ,  demand f o r  n a t u r a l  gas and a s s o c ia te d  l i q u i d s  
c o n t in u e s  to  in c r e a s e  as th e  ’’r i s i n g  t i d e  o f  e x p e c ta t io n s "  
sweeps th e  w o r ld  w i t h  l i t t l e  s ig ns  o f  ab a te m e n t. P r e d ic ­
t i o n  o f  th e  e x a c t  v a lu e  o f  t h i s  grow th  r a t e  i s  where th e  
p r i n c i p a l  d i f f i c u l t y  l i e s .  U n c e r t a in t ie s  r e g a r d in g  th e  
f u t u r e  a t t i t u d e s  o f  consumers as th e y  o b serve  r a p id  
t e c h n o lo g ic a l  changes, th e  developm ent o f  e c o n o m ic a l,  
a l t e r n a t i v e  f u e l s ,  e s c a l a t i o n  and th e  p o l i t i c s  o f  w o r ld  
en erg y  make the  e x p e c te d  in c re a s e  a s t o c h a s t ic  v a r i a b l e .
One s i m p l i f y i n g  assum ption  seems re a s o n a b le  -----  t h a t  th e r e
w i l l  be a c o n s ta n t  g row th  r a t e  o v e r  th e  e v a lu a t io n  p e r io d .  
I t s  m agn itude  must be a s t o c h a s t ic  v a r i a b l e  whose most 
l i k e l y  v a lu e  can be re g a rd e d  as th e  d e s i r e d  d e t e r m i n i s t i c  
g row th  r a t e .
Any w e l l  d e s ig n e d  and p r o p e r ly  i n s t a l l e d  subsea  
p i p e l i n e  system has a v i r t u a l l y  i n f i n i t e  l i f e t i m e .  M ore­
o v e r ,  economic a n a ly s e s  o f  systems w h ich  r e q u i r e  p e r io d ic  
expan sions to  accomodate in c r e a s in g  dem and/supply  i f  
t r u n c a t e d  in t o  an a r b i t r a r y  number o f  y e a rs  can r e s u l t  
in  f a u l t y  d e c is io n  m aking . I t  is  p roposed, t h e r e f o r e ,  
to  c o n s id e r  an i n f i n i t e  t im e  p la n n in g  h o r iz o n  f o r  th e  
subsea p i p e l i n e  system .
In  summary, p r i o r  to  a d e t a i l e d  e x a m in a t io n  o f  
e x p e c te d  c o s ts  and r e c e i p t s  f o r  th e  system , th e  f o l lo w in g  
assum ptions w i l l  be made*.
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1 . T h a t  th e  system  has an i n f i n i t e  economic l i f e t i m e  
and t h e r e f o r e  an i n f i n i t e  t im e  p la n n in g  h o r iz o n  is  b e s t .
2 .  T h a t  th e  system subsequent to  i n s t a l l a t i o n  w i l l  
o p e r a te  in  an economic c l im a t e  c h a r a c t e r i z e d  by a p e r s i s ­
t e n t ,  c o n s ta n t  r a t e  o f  e s c a l a t i o n .
3 . T h a t  i t  is  d e s i r a b le  to  p la n  f o r ,  in  th e  d e s ig n  
s ta g e s ,  a c o n s ta n t  demand grow th  r a t e  whose m agn itude is  a
q u a n t i f i a b l e , d e t e r m i n i s t i c  v a r i a b l e . S u r v iv a l  f o r  th e  
p i p e l i n e  f i r m  r e q u i r e s  a no b a c k lo g  c o n d i t io n  a t  a l l  t im e s .
4 .  T h a t  a l l  c o s ts  and revenues (cash  and n o n -c a s h )  
can be v a l i d l y  e x p ress ed  in  terms o f  th e  dom inant  
e n g in e e r in g  d e s ig n  v a r i a b l e s .
2 . 4 . 1  ECONOMIC EVALUATION IN  AN INFLATIONARY/ESCALATIONARY 
CLIMATE
The im p o rta n c e  o f  ad eq u ate  c o n s id e r a t io n  o f  i n f l a t i o n  
and e s c a l a t i o n  in  economic e v a lu a t io n s  is  now q u i t e  obv io us  
to  e v e ry o n e . C i t i n g  j u s t  two examples from  th e  p i p e l i n e  
i n d u s t r y  to  i l l u s t r a t e  th e  m agn itude  o f  the  e f f e c t  o f  
w h ich  we s p e a k :
The H igh  Is l a n d  A re a  o f f  th e  G u l f o f M exico
( 50 ) , 1976
C o n c re te  and C o r ro s io n  C o a tin g Up 23%, o v e r  1973
I n t e r n a l  C o a tin g Up 21% o v e r  1973
L in e  P ip e Up 1677, o v e r  1973
P ip e la y in g Up 1527o o v e r  1973
TOTAL COST Up 147% o v e r  1973
(b ) A la s k a n  P i p e l i n e  System ( 58 )
T o t a l  Cost E s t im a te  (1 9 6 9 ) $900 M i l l i o n
T o t a l  R e a l iz e d  Cost (1 9 7 7 )  $8000 M i l l i o n ;
up 900%
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S te rm o le  (58 ) d e f in e s  INFLATION as "a p e r s i s t e n t  
r i s e  in  a l l  p r ic e s  w h ich  i s  n o t  accom panied by an o f f ­
s e t t i n g  r i s e  i n  p r o d u c t i v i t y . "  ESCALATION, on th e  o t h e r  
hand, is  d e f in e d  by t h a t  a u th o r  as "a  p e r s i s t e n t  r i s e  
i n  th e  p r i c e  o f  s p e c i f i c  co m m od ities , goods o r  s e rv ic e s  
due to  a c o m b in a t io n  o f  i n f l a t i o n ,  supp ly /dem and and o t h e r  
e f f e c t s  such as e n v iro n m e n ta l  and e n g in e e r in g  c h a n g e ."
Many o t h e r  d e f i n i t i o n s  o f  th e s e  term s a re  c u r r e n t l y  
a c c e p te d  b u t  f o r  a l l  o f  them, e s c a l a t io n  is  th e  more 
a l l  encompassing te rm  and th e  f a c t o r  o f  g r e a t e r  r e l e ­
vance to  th e  economic a n a ly s is  o f  p r o j e c t s  such as a re  
b e in g  s tu d ie d  h e re .
E s c a l a t i o n / I n f l a t i o n  i s  u s u a l ly  q u a n t i f i e d  by 
e x am in in g  and p r e d i c t i n g  changes in  th e  f o l lo w i n g  quan­
t i t i e s  o r  in d ic e s  ( 4 8 ) :
( i )  The r a t e  o f  g e n e ra l  i n f l a t i o n ,  i g ,  g e n e r a l l y  
r e f e r r e d  to  as th e  GNP d e f l a t o r .  T h is  i s  d e r iv e d  fro m  
th e  ob served  change in  p r i c e  o f  a s p e c i f i c  " b a s k e t  o f  
goods" and i t  i d e n t i f i e s  changes in  th e  p u rc h a s in g  power 
o f  f u t u r e  cash f lo w s .
( i i )  The r a t e  o f  in c re a s e  in  th e  c o s t  o f  do ing
b u s in e s s ,  i  , w h ich  is  th e  c u r r e n t  c o s t  o f  debt o r  o --------------
p r e v a i l i n g  c u r r e n t  i n t e r e s t  r a t e .  T h is  in d e x  a f f e c t s
b o th  in v e s tm e n ts  and o p e r a t in g  c o s ts  and u s u a l ly  exceeds
&
ER-2180 155
th e  GNP d e f l a t o r .
( i i i )  The r a t e  o f  in c re a s e  o f  o i l  and gas p r i c e s ,  
i p , w h ich  u s u a l ly  r e f l e c t s  th e  e f f e c t s  o f  i Q, ig  and 
a d im in is h in g  re s o u rc e  b a se .
Two g e n e r a l  approaches a re  i n  c u r r e n t  use f o r  h a n d l in g  
I n f l a t i o n / E s c a l a t i o n  in  economic a n a ly s e s .  They a r e :
( i )  Through th e  use o f  e s c a la te d  ( c u r r e n t ,  i n f l a t e d ,  
n o m in a l)  d o l l a r  v a lu e s  f o r  a l l  c o s ts  and re v e n u e s . These  
a re  a c t u a l  d o l l a r s  r e c e iv e d  o r  d is b u rs e d  a t  s p e c i f i e d  
f u t u r e  t im e s .  Any economic c r i t e r i o n  e .g .  NPV (n e t  
p r e s e n t  v a lu e )  o r  DCFROR (d is c o u n te d  cash f lo w  r a t e  o f
i
r e t u r n )  whose v a lu e  i s  d e te rm in e d  th ro u g h  c o n s is t e n t  use 
o f  th e s e  v a lu e s  is  a v a l i d  b a s is  f o r  com parison o f  
a l t e r n a t i v e s .
( i i )  Through th e  use o f  c o n s ta n t  p u rc h a s in g  power 
( r e a l ,  d e f l a t e d )  d o l l a r s  f o r  a l l  c o s ts  and re v e n u e s . These  
a re  h y p o t h e t ic a l  d o l l a r s  w h ich  r e f l e c t  th e  a v e ra g e  p u r ­
ch as in g  power o f  money a t  any a r b i t r a r i l y  chosen p o in t
in  t im e .  As w i t h  e s c a la t e d  d o l l a r s ,  when used to  d e t e r ­
mine th e  v a lu e  o f  a s p e c i f i c  economic c r i t e r i o n ,  th e  
c r i t e r i o n  is  a v a l i d  c o m p a ra t iv e  in d e x .
Any p o l i c y  chosen as o p t im a l  by use o f  one o f  th ese  
approaches i s  a ls o  o p t im a l  u s in g  th e  o t h e r .  As long  as 
m ix in g  i s  a v o id e d , a c h o ic e  betw een them is  l a r g e l y
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a m a t t e r  o f  co nven ience  f o r  th e  p a r t i c u l a r  p rob lem  a t  
hand.
The two most common economic d e c is io n  c r i t e r i a  a re  
( i )  DCFROR and ( i i )  NPV and a c h o ic e  must g e n e r a l l y  be 
made i n  a p a r t i c u l a r  e v a lu a t io n .  DCFROR is  th e  more 
p o p u la r  te c h n iq u e  and th e  l i t e r a t u r e  g e n e r a l l y  d is c u s s e s  
two forms o f  i t  (a )  A Nom inal DCFROR and (b ) A R e a l  
DCFROR. E i t h e r  has as i t s  b a s ic  approach t h a t  ROR is  
th e  d is c o u n t  r a t e  a t  w h ich  a n e t  cash f lo w  s tre a m  has 
a ze ro  p r e s e n t  v a lu e .
( i )  (a )  NOMINAL DCFROR: Nom inal o r  e s c a la te d
d o l l a r s  a re  used h e re .  However, because o f  e s c a l a t io n ,
!
cash f lo w s  fo rm  an inhomogeneous "w o rth "  s e r ie s  and
r e s u l t s  i n  s e v e r a l  d is a d v a n ta g e s  f o r  th e  method (48 ) .
These a r e :  ( i )  Even though n u m e r ic a l  d o l l a r  re c o v e ry
o c c u rs , because o f  d e c l in in g  p u rc h a s in g  pow er, a c t u a l
w e a l th  has d e c l in e d .  ( i i )  To compensate f o r  e s c a l a t io n ,
a GNP d e f l a t o r  and i t s  e f f e c t s  on i  and i  must bep o
assumed. Such assum ptions a re  more o f t e n  th a n  n o t  v a s t l y  
in  e r r o r .  ( i i i )  O f te n  a p r e d i c t i o n  o f  ig  i n t o  th e  
f u t u r e  i s  n e c e s s a ry .  Such p r e d ic t i o n s  a re  l i k e l y  to  
be m e a n in g le s s .  ( i v )  Q u ite  o f t e n  d e c is io n  makers  
impose a h ig h  ROR re q u ire m e n t  f o r  p r o j e c t  ac cep tan ce  
as a means o f  com pensating  f o r  e s c a l a t io n .  Such an 
approach i n c o r r e c t l y  p e n a l iz e s  lo ng  economic l i f e
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p r o j e c t s .  (v )  As is  a p rob lem  w i t h  a l l  ROR m ethods,  
c e r t a i n  ty p e s  o f  p r o j e c t s  cannot be p r o p e r ly  e v a lu a te d  
due to  th e  occurence  o f  m u l t i p l e  ROR v a lu e s  as s o lu t io n s .
(b ) REAL DCFROR (DCFRROR): R ea l o r  d e f l a t e d
d o l la r s  a re  used h e re .  As a r e s u l t ,  th e  p u rc h a s in g  power  
o f  a l l  cash f lo w s  i s  m a in ta in e d  and d i f f i c u l t i e s  ( i )  th ro u g h
( i v )  a re  c irc u m v e n te d . M o re o v e r ,  th e  GNP d e f l a t o r  o n ly  
appears  e x p l i c i t l y  in  d e p r e c ia t io n  and d e p le t io n  c a l c u l a ­
t i o n s .  O th e rs  a re  w r i t t e n  in  term s o f  :
( i )  ( i  - i g )  -----------  The r e a l  r a t e  o f  p r i c e
” c h an g e .
( i i )  ( i Q- i  ) -----r  The r e a l  r a t e  change in
® o p e r a t in g  c o s ts .
( i i i )  (i-cr) ------------ GNP d e f l a t o r  f o r  d e p r e c ia t io n
°  and c o s t  d e p le t io n  o n ly .
M o rta d a  (48 ) recommends t h i s  method and p o in t s  ou t  
t h a t  th e  ROR o b ta in e d  i s  q u i t e  i n s e n s i t i v e  to  th e  v a lu e  
assumed f o r  i  (see  F ig .  2 . 3 4 ) .  However, th e  method is
O








F IG . 2 .3 4 :  S E N S IT IV ITY  OF DCR REAL RATE OF RETURN
GNP DEFLATOR (FROM: SPE 6701 by M. M o rta d a
1977)
( i i )  NPV (NET PRESENT VALUE): On an a f t e r - t a x
/
b a s is  t h i s  i s  th e  p r e s e n t  w o rth  o f  cash f lo w s  minus th e  
p r e s e n t  w o r th  o f  a f t e r  t a x  in v e s tm e n ts ,  c a l c u l a t e d  a t  
th e  minimum r a t e  o f  r e t u r n .
S te rm o le  (5 8  ) p o in t s  o u t t h a t  economic e v a lu a t io n  
s i t u a t i o n s  c h a r a c t e r i z e d  by a l t e r n a t i n g  in v e s tm e n t ,  income 
and in v e s tm e n t  DCFROR r e s u l t s  o b ta in e d  by e i t h e r  method  
have a c o m b in a t io n  r a t e  o f  r e t u r n / r a t e  o f  re in v e s tm e n t  
m eaning . The r e s u l t s  can t h e r e f o r e  be ambiguous when 
used f o r  com parison a n d /o r  o p t im iz a t io n  p u rp o s es . ROR's 
c a l c u l a t e d  d u r in g  p e r io d s  o f  n e g a t iv e  c u m u la t iv e  cash
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p o s i t i o n  ( e a r l y  o r  in t e r m e d ia t e  p e r io d s  o f  p r o j e c t  l i f e )  
im p ly  a c t u a l  r a t e s  o f  r e t u r n  b u t  when o b ta in e d  d u r in g  
p o s i t i v e  c u m u la t iv e  cash p e r io d s  im p ly  a r a t e  o f  r e i n v e s t ­
m ent. He t h e r e f o r e  recommends use o f  an a l t e r n a t i v e  
method, e . g .  NPV. T h a t  approach (NPV) w i l l  be ad opted  
in  t h i s  s tu d y .
The system and in d u s t r y  under s tu d y , as has been  
d is c u s s e d  e a r l i e r ,  i s  c h a r a c t e r i z e d  by c o n tin u o u s  r e c e ip t s  
( s a le s )  . M oreover p r ic e s  and c o s ts  change o r  become due 
r e l a t i v e l y  c o n t in u o u s ly .  I t  i s  re a s o n a b le  t h e r e f o r e  to  
a t te m p t  to  a p p ly  th e  p r i n c i p l e s  o f  c o n tin u o u s  d is c o u n t in g  
a n d /o r  compounding to  an economic a n a ly s is  o f  th e  ty p e  
p la n n e d  h e re .  F u r t h e r ,  s in c e  an i n f i n i t e  t im e  fram e is  
b e in g  c o n s id e re d ,  summations o v e r  "n" t im e  p e r io d s  (as a re  
c h a r a c t e r i s t i c  o f  such e v a lu a t io n s )  become e q u iv a le n t  to  
i n t e g r a l s  o v e r  i n f i n i t e  t im e  and a re  hence s i m p l i f i e d .
D e f in e  th e  f o l lo w i n g  te r m s :
(0 4  c 4  n ) "  Cash R e c e ip t  a t  t im e ,  t .
g^ = Nom inal C ontinuous I n t e r e s t
R ate  on D e p o s its
k c = Nom inal D is c o u n t  R ate  on cash
f lo w s .
t  = Number o f  t im e  p e r io d s  (y e a r s )
c o n s id e r e d .
A s in g le  d e p o s i t ,  R, d raw in g  c o n tin u o u s  compound 





t  -f A t




T a k in g  th e  l i m i t  as A t
t  +  A t
= Rg^ A t  
_t = Rgi
— 0 g iv e s  th e  f o l lo w in g
l im  R 
A t  - * - 0  -
R
A t
RS, ^R = Rg. 1 d t  g l-
S e p a ra t in g  v a r ia b le s  and i n t e g r a t i n g  g iv e s :  
p t = t
d t  +  CdR
R
R -  R. A *t=o
OR
Rt  -  Roexp ( g i t )  ; C -  0  ( 2 .1 4 7 )
T h is  i s  th e  case o f  c o n tin u o u s  compounding o f  a s in g le  
payment grow ing a t  th e  r a t e  o f  g7e p e r  annum.
On th e  o t h e r  hand, i f  R is  re g a rd e d  as an i n s t a n t a ­
neous r e c e i p t  a t  t im e  t ,  th e n  i t s  p re s e n t  w o r th  ( v a lu e )
is  by d e f i n i t i o n :
PV = R exp ( - k c)
F u r t h e r ,  i f  R is  j u s t  one o f  a c o n tin u o u s  s tre am  o f  such
r e c e i p t s ,  th en  th e  p re s e n t  v a lu e  o f  th e  e n t i r e  s tre a m  i s :
t= n
PV = j R e x p ( - k c) d t  -  -  -  ( 2 .1 4 3 )
w h ich  is  th e  case o f  co n tin u o u s  d is c o u n t in g  o f  a s tre a m  
o f  r e c e i p t s .
ER-2180 161
S u b s t i t u t i n g  e q u a t io n  ( 2 .1 4 8 )  we o b t a in
PV -  r fR  e x p ( g . ) 1 . e x p ( - k „ ) d tJ  [ Roexp(-sP  ]  ' exP < -k c > d
t =0
n
of e x p  [  - ( k c ’s i ) c ]  d c
c=0
I f  th e  r e c e ip t s  c o n t in u e  f o r  an i n f i n i t e  p e r io d  o f  t im e ,  
th e n  n —► oc and oc
PV = RD/7 exp [ -  (k c - 2i ) -  ] d t  " -  -  ( 2 .1 4 9 )
/
axe dx where a = kc -  
and x  — - t  and has a s ta n d a rd  s o lu t io n  o f  :
PV *  0 Ro
kc -  S,
Ro
^ c " ^ i
  ( 2 .1 5 0 )
w h ich  is  th e  p r e s e n t  v a lu e  o f  a s tre a m  o f  r e c e i p t s  grow ing
a t  a r a t e  g^and d is c o u n te d  a t  r a t e  kc
On th e  b a s is  o f  e q u a t io n  ( 2 .1 5 0 )  above and c o n s id e r in g  
payments and r e c e i p t s  i n  r e a l  d o l l a r s ,  g^and kc have th e  
f o l lo w i n g  meanings f o r  th e  a c c o u n t in g  ite m s  o f  i n t e r e s t :  
REVENUES
L e t  P = I n i t i a l  u n i t  p r i c e  o f  gas o r  co nd ensate  o , g r  °
Then R e a l R ate  o f  P r ic e  Change = i  - i  = .g^
R e a l I n t e r e s t  o r  D is c o u n t  R ate  = i




And Pv r£ v ENUE ̂ U n i t ” P° , g /  e* p ( - ( i + i g - i p ) t )  d t
^0
P
°  > g
i + i  - i
g P
  ( 2 .1 5 1 )
OPERATING COSTS
L e t  CQ = I n i t i a l  O p e ra t in g  C o s t /U n i t  t im e
Then R ea l R a te  o f  O p e ra t in g  Cost Change = i  - i  =g.o g
So - g . =  i  - iCr
k = i  (as  p r e v io u s ly  d e f in e d )  
C 06,
PV0P.COSTS/U N IT  TIME "  Qo[  e x p ( - ( i + i g- i 0 ) t ) d t
-  -  -  ( 2 .1 5 2 )
0
L + i  -  1
g o
DEPRECIATION
L e t  D = D e p r e c ia t io n  C r e d i t / U n i t  Time ( I n i t i a l )  
a (A c c o u n t in g  C r e d i t  r e s u l t i n g  from
t a k in g  maximum a l lo w a b le  d e p r e c ia t io n  
c r e d i t )
k  = i  (as p r e v io u s ly  d e f in e d )
-g^ -  + i  = GNP d e f l a t o r
Then P^DgPR£ /T im e  = D e x p ( - ( i + i  ) t ) d t
'0
i + i
  ( 2 .1 5 3 )
TAXES:
The m a th e m a t ic a l  e x p re s s io n  f o r  t a x  r e c e i p t s  is  
i d e n t i c a l  i n  fo rm  to  t h a t  o b ta in e d  f o r  d e p r e c i a t io n ,  i . e .




where Ta = First period tax payment
2.4.2 QUANTIFYING A DETERMINISTIC GROWTH IN DEMAND
Consider that the economic environment in which the 
pipeline system is to operate had the following character­
istics :
(a) Demand tends to grow linearly and deterministically 
with time.
(b) The nature of the natural gas market is such that 
no backlogs can be permitted. That is, supply 
capacity must at all times equal or exceed demand 
requirements.
(c) The (pipeline) industry is characterized by 
'economies of scale'. This can be quantified 
by a parameter \p, where (0<^<1 ) .
(d) Any pipeline installation, from a planning point 
of view, may be regarded as having infinite 
economic life. Further, for convenience, let 
'unit capacity' be defined as one years' growth 
in demand.
(e) Whenever demand grows to existing capacity, X 
new units of capacity are installed. With the 
previous assumptions this will occur every X 
years.
Then the present cost of installing X units of capacity 
can be conveniently described by the relationship:
C (X) = K X ( K  > 0)  (2.155)
where: X = the ultimate 'years of demand'
capacity of a particular installation, taking 
account of the fact that initial capacity may
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be increased several times through the use of 
compression capability;
and K = current total cost of a unit 
capacity installation.
As indicated by Manne (41), with these assumptions, excess 
capacity follows the sawtooth pattern of the Wilson-type 
inventory model, with a repetition or regeneration period 
of X years. Observed from any point of regeneration 
towards the future, the following costs can be seen.
(i) Installation costs at the beginning of the 
present cycle of growth. This is the c(X) given 
by equation (2.155).
(ii) The sum of all future costs (C(X)) incurred 
in subsequent cycles as observed at the end of 
the current cycle (or beginning of the next).
C (X) must now be present valued by discounting 
for X years (one cycle). Then present value of 
the sum of all future costs - C(X) Z 
The fact that the future, for an infinite lifetime system, 
looks identical at every point of regeneration enables us 
to write the following recursive relationship for costs:
C(X) = c(X) + C(X) £-rX 
= KX^ + C(X)£-rX 
or X1*' = c(X) (l-e“rx)  (2.156)
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The necessary condition for an optimum X value can be 
determined by setting the derivative of equation (2.156) 
equal to zero. Sufficiency is verified by evaluating its 
second derivative. The following expression is obtained 
for optimal capacity size, X, under deterministic growth 
conditions
3TX
ipi - rx = if; - - -(2.157)
which permits unique determination of X for specified r and 
'■}/ values.
2 . 4 . 3  OPERATING AND INSTALLATION COST RELATIONSHIPS
In  o r d e r  to  d e s c r ib e  th e  subsea p i p e l i n e  system  as 
an E n g in e e r in g  Economic m odel, a l l  co m p le ted  c o s t  item s  
must be d e s c r ib e d  as fu n c t io n s  o f  th e  system  p a ra m e te rs  
e .g .  p ip e  d im e n s io n s , w a te r  d e p th , and i n s t a l l a t i o n  
te c h n iq u e .  I d e a l l y ,  o p e r a t in g  c o s ts  th ro u g h o u t th e  
economic l i f e  o f  th e  i n s t a l l a t i o n  sh o u ld  be d e s c r ib e d  
i n  terms o f  volumes t r a n s m i t t e d  a n d /o r  i n i t i a l  in v e s tm e n t  
a n d /o r  system  d im e n s io n s . T h is  i s  a s u r p r i s i n g l y  complex  
p r o p o s i t io n  s in c e  e v e ry  i n s t a l l e d  system  has i t s  own 
p e c u l i a r  c h a r a c t e r i s t i c s  and many f a c t o r s  whose q u a n t i t a ­
t i v e  e f f e c t s  a re  a lm o s t im p o s s ib le  to  p r e d i c t  s t r o n g ly  
in f lu e n c e  f i n a l  p e r  m i le  c o s t .  Such f a c t o r s  as th e  
a v a i l a b i l i t y  o f  p ip e  on a w o r ld -w id e  b a s is ,  access to  
s k i l l e d  la b o r  and s u p e r v is io n ,  p o r t  and t r a n s p o r t a t i o n  
c o n d i t io n s ,  ’’p r i c e  in  e f f e c t  a t  t im e  o f  sh ipm en t"  and 
s e v e r a l  o th e rs  to  be d is c u s s e d  h e re  v a ry ,  u n p r e d ic t a b ly
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A re a s o n a b le  breakdown o f  system co sts  i n t o  i t s  
m a jo r  components is  as fo l lo w s :
(a )  M a t e r i a l  Costs
(b ) P i p e l i n e  I n s t a l l a t i o n  Costs
(c )  M is c e l la n e o u s  E n g in e e r in g  and A d m in i s t r a t iv e  
Costs A s s o c ia te d  w i t h  I n s t a l l a t i o n
(d ) S e p a ra to r  and Compressor I n s t a l l a t i o n  Costs
(e )  O p e ra t in g  Costs ( P i p e l i n e  and Compressor)
Each component w i l l  be exam ined w i t h  th e  i n t e n t i o n  o f  
fo r m u la t in g  m a th e m a t ic a l  r e l a t i o n s h i p s  c a p a b le  o f  
a d e q u a te ly  p r e d i c t i n g  n u m e r ic a l  v a lu e  as a f u n c t io n  
o f  system  p a ra m e te rs .  I t  must be em phasized t h a t  f o r  
th e  purposes o f  t h i s  m odel, a l l  f i x e d  co sts  ( i . e .  costs  
w h ich  a re  in d ep en d en t o f  th e  system p a ra m e te rs )  a s s o c ia te d  
w i t h  th e  i n s t a l l a t i o n  and o p e r a t io n  o f  a p a r t i c u l a r  system ,  
in  a p a r t i c u l a r  l o c a t i o n ,  a re  n o t  c o n s id e re d .  These w i l l  
n o : in f lu e n c e  o p t im is a t io n  o f  th e  d e s ig n  p a ra m e te rs .
(a )  M a t_eria l_C o sts
These c o n s is t  o f  ( i )  P i p e l i n e  M a t e r i a l  Costs  
( s t e e l )  ( i i )  I n t e r n a l  C o a tin g  Costs ( i i i )  E x t e r n a l  
C o a tin g  Costs (C o n c re te  and W ra p ) .
( i )  P i p e l i n e  M a t e r i a l : S t e e l  i s ,  o f  c o u rs e , the
m a t e r i a l  used h e re  and u n i t  co s ts  v a ry  w i t h  p rocess o f  
m a n u fa c tu re ,  d ia m e te r ,  w a l l  th ic k n e s s ,  grade o f  s t e e l  
and m arke t in f lu e n c e s .  P u b l is h e d  d a ta  ta k e  th e  form
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o f  c o s t / f t  OR c o s t / t o n ,  th e  c o rre s p o n d in g  w e i g h t / f t  o r  
th ic k n e s s  is  o f t e n  no t s p e c i f i e d .
From e q u a t io n  ( 2 . 6 3 ) ,  th e  p l a in - e n d  w e i g h t / f t  o f  l i n e  
p ip e  is  g iv e n  by:
Wpe = 1 0 .68 (D +  t p ) t p--------------------------- --------- ( 2 .1 6 9 )
( l b s / f t )
Then t o t a l  w e ig h t  ( lb s )  o f  p i p e l i n e  system:
WT = 1 0 .6 8  • L • t p - (D +  t p )
( l b s )
Assume an "on l o c a t i o n "  s t e e l  c o s t  o f  $A / l b .  Then t o t a l
p i p e l i n e  m a t e r i a l  c o s t i s  g iv e n  by:
CT = 1 0 .6 8  • A * L ' t p f (D +  tp )  -  -  -  ( 2 .1 7 0 )
P I
($)
F u r t h e r ,  assume t h a t  c o s t o f  s t e e l  ( p i p e ) / l b  is  p r i m a r i l y  
a f u n c t io n  o f  d ia m e te r  and w a l l  th ic k n e s s .  Then:
AsT = f ( 0 . D . , t p ) = f ( D  +  2 t p , t p ) ------- ( 2 .1 7 1 )
( i i )  I n t e r n a l  C o a t in g  M a t e r i a l : T h is  is  u s u a l ly
an a n t i - c o r r o s i o n  su b s ta n c e . Volume u t i l i z e d  w i l l  be 
a f u n c t io n  o f  i n t e r n a l  s u r fa c e  a re a  o f  p ip e  and av e ra g e  
th ic k n e s s  o f  th e  c o a t in g .
VI . C .  = TT • D L • CIC
(Cu. f t . )
I f  i t  i s  assumed t h a t  c o s t  can be e x p ress ed  i n  terms o f  
u n i t  vo lum e, l e t  ^ = C o s t / c u . f t .  o f  c o a t in g  m a t e r i a l .
Then
T o t a l  Cost = Cm
o f  C o a t in g  M a t e r i a l  I . C .
CT = IT  . D . L t  * A
I . C .  * IC  i . e .
  ( 2 .1 7 2 )
( i i i )  E x t e r n a l  C o a t in g  M a t e r i a l : T h is  ta k e s  th e
form  o f  a c o n c re te  s h i e l d  and e x t e r n a l  a n t i - c o r r o s i o n
w rap . Cost a n a ly s is  u s u a l l y  c o n s id e r  them t o g e t h e r .
V 0 c = 0 .0 2 1 8 2  ’ t  ‘ (D +  2 t p+  t  ) ' L
( C u . f t . )  by e q u a t io n  (2 .6 5  )
A g a in  i t  i s  assumed t h a t  c o s t  can be ex p re s s e d  in  terms
o f  c o s t / c u . f t .  o f  th e  co m posite  m a t e r i a l .  Then, i f
A., -  COST /  CU. FT.o . c .
CL, = 0 .0 2 1 8 2  ' A~ „ ' t  (D +  2 t  +  t J . L1a a O . C . C  p O
(? )  -  -  -  ( 2 .1 7 4 )
( b ) I n s t  a 1 la t io n _ C  os t̂ s :
These may be d iv id e d  in t o  two m a jo r  components:
( i )  P ip e la y in g  Costs ( i i )  C o a t in g  c o s ts .  Each w i l l  
be examined i n  d e t a i l .
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o f  th e  p ip e  to  be l a i d  f o r  th e  p a r t i c u l a r  v e s s e l .  I t  
i s  a f u n c t io n  o f  th e  l e v e l  o f  s o p h i s t i c a t i o n  o f  th e  
w e ld in g  te c h n iq u e  ( e . g .  a u to m a t ic  v s . m anual) and 
c o a t in g  processes  i n  use . T h is  r a t e  is  g e n e r a l l y  w e l l  
e s t a b l is h e d  f o r  a p a r t i c u l a r  v e s s e l  th ro u g h  i t s  work  
e x p e r ie n c e  and p a s t  p e rfo rm a n ce  a n a ly s is .
M e c h a n ic a l  and Crew E f f i c i e n c y :  As w i t h  th e
t h e o r e t i c a l  r a t e ,  t h i s  is  a number q u i t e  w e l l  e s t a b l is h e d  
f o r  each v e s s e l  in  use based on p a s t  p e r fo rm a n c e . M e c h a n i­
c a l  e f f i c i e n c y  i s  p r i m a r i l y  a fu n c t io n  o f  th e  age o f  th e  
v e s s e l  and degree  o f  s o p h i s t i c a t i o n  o f  i t s  eq u ip m e n t.
Crew e f f i c i e n c y  r e f e r s  to  th e  r e l a t i v e  t e c h n ic a l  know-how  
and e x p e r ie n c e  o f  crew  members as w e l l  as t h e i r  t im e  o f  
w o rk in g  t o g e t h e r  as a team. P r im a ry  concern  is  i n  t h e i r  
speed o f  h a n d l in g  o f  p ip e  b reakages and b u c k le s .
W eather E f f i c i e n c y :  T h is  q u a n t i f i e s  th e  o p e r a t in g
l i m i t s  o f  th e  p a r t i c u l a r  v e s s e l .  P aram ete rs  o f  im p o rta n c e  
h e re  a re  th e  s i g n i f i c a n t  wave h e ig h ts  a t  w h ich  p ip e  and 
s t i n g e r  must be abandoned, those  a t  w h ich  th e y  can be 
re c o v e re d  and th e  t im e  betw een abandonment and re s u m p tio n  
o f  o p e r a t io n s .  F ig .  2 .3 5  i l l u s t r a t e s  th e  w e a th e r  e f f i ­
c ie n c y  v s  wave h e ig h t  f o r  th e  v a r io u s  la y b a rg e  h u l l  
c o n f i g u r a t i o n s .
ER-2180 170
(1 )  P ip e la y in g  C o s ts : As d is c u s s e d  e a r l i e r ,  s e v e r a l
d i f f e r e n t  te c h n iq u e s  a re  now i n  use f o r  th e  i n s t a l l a t i o n  
o f  o f f s h o r e  p i p e l i n e s .  In  f a c t ,  c h o ic e  o f  th e  most 
e c o n o m ic a l ly  advantageous i s  an o p t im iz a t io n  r o u t in e  in  
i t s  own r i g h t .  However t h a t  i s  beyond th e  scope o f  t h i s  
s tu d y . I t  w i l l  be assumed h e re  t h a t  such a c h o ic e  has 
a l r e a d y  been made and th e  m a t te r  a t  hand is  th e  most 
ec o n o m ica l use o f  t h a t  c h o ic e .  For co nven ience  and 
i l l u s t r a t i o n  th e  la y b a rg e  te c h n iq u e  i s  assumed.
Brown and H ir s c h  (15  ) and Marsden (4 2  ) have a n a ly s e d  
th e  c o s t /p r o d u c t io n  p e rfo rm a n ce  o f  th e  la y b a rg e  types  
in  c u r r e n t  u s e . P r im a ry  concern  from  a t o t a l  i n s t a l l a ­
t i o n  c o s t  p o in t  o f  v ie w  is  th e  e f f e c t i v e  p r o d u c t io n  r a t e  
o f  th e  p a r t i c u l a r  barge and i t s  d a i l y  o p e r a t in g  c o s t s in c e :
TOTAL INSTALLATION COST = PRODUCTION v DAILY
RATE A OPERATING 
COST
  ( 2 .1 7 6 )
P ro d u c t io n  r a t e  can be q u a n t i f i e d  as f o l lo w s :
PRODUCTION THEORETICAL y WEATHER y
RATE RATE A EFFICIENCY A
MECHANICAL
AND CREW X WORKABLE
EFFICIENCY DAYS
-  -  -  ( 2 .1 7 7 )  
T h e o r e t i c a l  R a te : T h is  i s  g e n e r a l l y  d e s c r ib e d  as
th e  maximum p o s s ib le  r a t e  o f  w e ld in g ,  j o i n t i n g  and c o a t in g
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I HULL CONFIGURATION t y p e  o r  v e s s e l
C O N V EN TIO N A L LAY 3ARGE
7  SKAcL SHIPSHAPE LAY VESSEL
—1 t in  r—|
□ □ c
LARGE SHIPSHAPE LAY VESSEL 
S M A LL SE M I-SU3M C R 313 L £  
LARG E S E M I-S U B M E R S IB L E
I 2 3 4  3 S 7 9 9 <0 II 12 13 14 13
SIGNIFICANT WAVE WEIGHT <M ,i
'-SSENO
 CONVENTIONAL LAY 3ARGE
------------- LAYING VESSEL
 —  SM ALL SEMI SUBMERSIBLE
- (  K - LARGE SEMI SU8MCRSI8LE
Os SEAM 4N 0 QUARTER WAVES 
3 * HEAO WAVES (BO W -STER N )
NOTES
I. EFFICIENCIES 9ASE0 ON RECOROS ANO ftuSA EXPERIENCE
Z. PERCENT OF WORKING RATE OOES NOT TAKE INTO ACCOUNT 
WAVE LENGTH
3. CURVES APPLY FOR PIPE SIZES! 2 4 *  - 3 8 “ OIL
F IG . 2 .3 5 :  REDUCTION IN  WORKING RATE VS. Hs
W orkab le  D a y s : These a re  o b ta in e d  th ro u g h  a com­
b i n a t i o n  o f  d a ta  such as o b ta in e d  from  F ig .  2 .3 5  f o r  th e  
p a r t i c u l a r  h u l l  c o n f i g u r a t io n  and th e  e x p e c te d  sea con­
d i t i o n  as o b ta in e d  from  a v a i l a b l e  sea d a ta .  F ig .  2 .3 6  
i l l u s t r a t e s  such a p l o t  o f  s i g n i f i c a n t  wave h e ig h t  v s .
7o waves e x c e e d in g  th e  p a r t i c u l a r  h e ig h t  f o r  th r e e  c u r ­
r e n t l y  a c t i v e  l a y in g  a r e a s .
Q u o tin g  d i r e c t l y  from  Brown and H ir s c h  (15 ) :  ’’Using
a v a i l a b l e  wave d a ta ,  c a lc u la t io n s  a re  p e rfo rm e d  to  show 
th e  a v e ra g e  number o f  days a g iv e n  s i g n i f i c a n t  wave h e ig h t
i s  exceeded f o r  each month o f  th e  p o t e n t i a l  l a y in g  season. 
From storm  p e r s is t e n c e  d a ta  -  -  -  combined w i t h  wave 
h e ig h t  exceedence d a ta  - -  -  g e n e ra te  a d i s t r i b u t i o n  
o f  s i g n i f i c a n t  wave h e ig h t  on a d a i l y  b a s is  -  -  -  r e p e a t  
many t im es  -  -  -  d e r iv e  a s t a t i s t i c a l  d i s t r i b u t i o n  f o r  
wave c o n d i t io n s  in  any g iv e n  t im e  p e r i o d . "
Sum m er




.South Cnin3  
Sea20
G ull of M exico —
00 4
Sitjr.ifkan: w c v p  • t j e h f ,  f?
F IG . 2 .3 6
C om bin ation  o f  such a d i s t r i b u t i o n  w i t h  th e  d a ta  o f  
F ig .  2 .3 6  en ab les  p r e d i c t i o n  o f  w o rk a b le  days f o r  th e  
p a r t i c u l a r  season and v e s s e l .  T h ro ughou t, th e  assum ption  
has been made t h a t  w ind  and c u r r e n t  fo rc e s  a c t in g  on th e  
moored v e s s e l  do n o t  under any c o n d i t io n s  exceed m ooring  
c a p a b i l i t i e s .  V i o l a t i o n  o f  t h i s  assum ption  f u r t h e r  reduces
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l a y in g  r a t e .
P ro d u c t io n  r a te s  can now be e s t im a te d  th ro u g h  a 
c o n s id e r a t io n  o f  each o f  th e s e  i te m s . Based on th e  d a ta  
o f  Brown and H ir s c h  (15 ) f o r  a c o n v e n t io n a l  la y  barge  
o p e r a t iv e  in  m oderate  ( G u l f  o f  M e x ico ) seas, th e  p ro d u c ­
t i o n  r a t e  i s  a d e q u a te ly  p r e d ic t e d  by a r e l a t i o n s h i p  o f  
th e  form :
PRODUCTION RATE ( f t / d a y )  = P = 5034 - 3 7 ( D + 2 t p )
-  -  -  ( 2 .1 7 8 )
D a i l y  o p e r a t in g  co sts  f o r  v e s s e ls  w i t h  v a r io u s  h u l l  
c o n f ig u r a t io n s  as w e l l  as p r o d u c t io n  r a t e  as a f u n c t io n  
o f  p ip e  d ia m e te r  a re  i l l u s t r a t e d  in  t a b l e  2 . 8 .  T h is  and 
o t h e r  d a ta  p ro v id e d  by Brown e t  a l  , suggest a r e l a ­
t io n s h ip  f o r  o p e r a t in g  c o s ts  o f  th e  fo rm :
0 = Op. C s t . = [ 8 3 .3  +  1 • 4 (D  +  2 c ^ + 2 t  ) l x l 0 3
(5 /D a y )  1 P J
-  -  -  ( 2 .1 7 9 )
C o m b in ation  o f  t h i s  r e l a t i o n s h i p  w i t h  a p p l ic a b l e  v a lu e s  
o f  e q u a t io n s  ( 2 .1 7 6 )  and ( 2 .1 7 7 )  en ab les  d e t e r m in a t io n  o f  
t o t a l  l a y in g  c o s ts .
P IP E  D IA M E T E R
H U L L  C O N FIG U R A TIO N  I T Y P E  O F V E S S E L
24“ I 30“ S6“ S.4? *"r »-S
C O N V E N T IO N A L  l a y  3ARG E 1 S .7 0 0  i 5 .3 C O  I 5 ,0 0 0  I 1 3 0  
S M A LL SHIPS H A PE  LAY V E S S E L  5 .5 0 0  1 4 ,8 0 0  ! 4 , 1 CO 1 2 0
LARGE SHIPS H A PE  LAY V E S S E L . 1 0 ,5 0 0  i 9 , 0 0 0  ' 7 ,5 0 0  i 1 3  5
S M A L L  S E M I -S U B M E R S i3 L E  . 5 . 5 0 0  ! 4 , 3 0 0  ; 4 , , 0 0  1 1 ^ 0
LA R G E  S E M I-S U B M E R S IB L E  ' 0 , 5 0 0 ;  9 ,0 0 0  7 , 5 0 0 ;  l O O
TABLE 2 .8  P ro d u c t io n  R ates ( f t / d a y ) .
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In  p r a c t i c e ,  c u r r e n t  " c o n t r a c t "  tre n d s  i n d i c a t e  t h a t  
th e  f o l lo w i n g  c o s ts  shou ld  a ls o  be c o n s id e re d :
1. Cost o f  S t i n g e r : C u r r e n t l y  th e  m a t e r i a l  and  
f a b r i c a t i o n  cost o f  th e  s t i n g e r  i s  th e  r e s p o n s i b i l i t y  o f  
the  o p e r a t in g  company ( 2 1 ) .  P u b l is h e d  l i t e r a t u r e  
in d ic a t e s  an a p p ro x im a te ly  c o n s ta n t  c o s t / f t .  Then:
STINGER COST = C0 = L0 x  1000
($) S S
where = O p t im a l S t in g e r  Leng th
$1000 = Cost p e r  f o o t  o f  m a t e r i a l
and f a b r i c a t i o n
  ( 2 .1 8 0 )
2 . Minimum Commitment Times : R e n ta l  o f  most c u r r e n t ,
la y in g  v e s s e ls  r e q u i r e s  a minimum commitment t im e  by th e  
o p e r a t o r .  More o f t e n  th an  n o t ,  t h i s  exceeds th e  t im e  
n o rm a l ly  r e q u i r e d  f o r  c o m p le t io n  o f  th e  jo b  and v a r ie s  
w i t h  p ip e  d ia m e te r ,  le n g t h  to  be l a i d  and chosen v e s s e l .
The data p r o v id e d  by Brown and H ir s c h  (15 ) suggests  
a r e l a t i o n s h i p  o f  th e  form :
MINIMUM COMMITMENT = TM.M m
TIME (D ays)
= 6 1 .2  +  6 . 6 7 (D -  12)
NOM  ( 2 .1 8 1 )
Where D =N om inal P in e  O .D . f o r  a f i x e d  le n g t h  o f  p ip e  
n0M
to  be l a i d
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3. T i e - I n ,  T re n c h in g  and M o b i l i s a t io n /D e m o b i l i s a t io n  
C o s ts : S ince  th e s e  a re  g e n e r a l l y  f i x e d  c o s ts  f o r  a
p a r t i c u l a r  l o c a t i o n  th e y  w i l l  n o t  be c o n s id e re d  in  t h is  
s t u d y .
Then t o t a l  p i p e - l a y i n g  c o s ts  = Cp-^
CPL = L . 0 . F + Cg + M; if L y Tmin
0R = TMIN ' 0 ‘ F + CS + M; lf | <  TMIN
  ( 2 .1 3 2 )
where F = _____________ 1____________
70 O p e ra t in g  E f f i c i e n c y
1
o n
f  = E f f i c i e n c y  dependent on v e s s e l  and dominant  
sea c o n d i t io n  as o b ta in e d  from  F ig .  ( 2 . 3 5 ) .
( i i )  C o a t in g  Costs
E x t e r n a l  as w e l l  as i n t e r n a l  co a ts  must be a p p l ie d .
The e x t e r n a l  c o a t  c o n s is ts  o f  b o th  c o n c re te  and w rap.
Cost d a ta  from  OGJ (19 77) and FGJ (1 9 7 6 )  i n d i c a t e  an 
a v e ra g e  c o a t in g  i n s t a l l a t i o n  c o s t  o f  0 . 1 6 c / f t / i n  d ia m e te r .  
Then
CC I = 0 .1 6  • L * D -  -  -  ( 2 .1 8 3 )
($)
(c )  M isce llaneou s^  E n g i n e e r i n g  and A d m in i s t r a t iv e  
C o s ts  As so c i a  t  e d_wi t  h__Ins t a  1. l a  t  io n  :
These in c lu d e  ite m s  such as s e r v ic e  c o n t r a c t s ,  b o a t  
and p l a t f o r m  r e n t a l s ,  e n g in e e r in g ,  s u rv e y in g ,  a d m in is t r a ­
t i v e ,  f i e l d  e n g in e e r in g  and in s p e c t io n ,  c o n t in g e n c ie s ,  
l e g a l  f e e s ,  e t c .  R e c a l l  t h a t  we a re  co ncerned  h e re  o n ly
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w i t h  v a r i a b l e  components.
Mansden ( 4 2 )  suggests a f i x e d  f r a c t i o n  o f  th e  
i n s t a l l a t i o n  c o s ts .  Then
C,, = 0 .2  x I n s t a l l a t i o n  CostsM
  (2 .1 8 4 )
(d ) S e p a ra to r  and Compres_sor_Inst_a 11 ation_Cost_s :
I t  would be ex p ec ted  t h a t  th ese  would c o n s is t  o f  
( f o r  a f i x e d  w a te r  depth ) an "a lm o s t"  c o n s ta n t component 
r e p r e s e n t in g  i n s t a l l a t i o n  and e n g in e e r in g / in s p e c t io n  
co sts  and a component w h ich  v a r ie s  w i t h  th e  m agnitude  
o f  th e  horsepower i n s t a l l e d .  The "a lm o s t"  c o n s ta n t  
component w i l l  in c lu d e  p la t f o r m  m a t e r ia l  and i n s t a l l a ­
t i o n  co sts  and th e  v a r i a b l e  component, compressor c o s ts .
The p l o t  o f  c o s t d a ta  f o r  o f fs h o r e  L o u is ia n a  
i n s t a l l a t i o n  (T a b le  2 . 9 )  suggests a r e l a t i o n s h i p  o f  th e  
form :
In  | $ /H P ) = a +  b I n  [ h p ]
where
$ /HP = T o t a l  Cost ( $ ) / I n s t a l l e d  H .P .
HP = I n s t a l l e d  Brake Horsepower
OR
$/HP = A (H P )b ^
where v
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T i. P . ( / 1 0 0 0 )
22 26 
(OGJ 1977)




T h is  d a ta  lumps th e  "a lm o s t"  f i x e d  c o s ts  to g e t h e r  w i t h  
th e  v a r i a b l e  c o s ts  to  g iv e  an av erag e  t o t a l  $ /H P . The 
d a ta  i s  p re s e n te d  in  a manner such t h a t  any e f f o r t s  to  
s e p a ra te  them w ould be m e a n in g le s s .
I f  i t  i s  assumed t h a t  th e  a s s o c ia te d  s e p a r a to r  
system (w here two phases a re  in v o lv e d )  c o s ts  some f i x e d  
f r a c t i o n  (s ay  20%) o f  compressor c o s t ,  th e n  t o t a l  
i n s t a l l e d  c o s t  may be w r i t t e n  as
Ccs = 1 -2 -A q p  ( HP ) b +  1   ( 2 .1 8 6 )
A r e g r e s s io n  a n a ly s is  p e rfo rm e d  on d a ta  from  T a b le  2 .7  
i n d i c a t e s :
Ccs » 0 . 7 1 5 3 (H P )1 - 831   ( 2 .1 8 7 )
(e )  O p e r a t in g  Cos_ts_
These a r i s e  from  th e  co n tin u o u s  o p e r a t io n  o f  th e  
i n s t a l l e d  system and, f o r  co n v e n ie n c e , may be c a te g o r iz e d  
i n t o  ( i )  P i p e l i n e  O p e ra t in g  Costs ( i i )  S e p a r a t io n /  
Compression O p e ra t in g  C osts . Such c o s ts  a re  u s u a l ly  
e x t r e m e ly  d i f f i c u l t  to  p r e d i c t  s in c e  th e y  a re  seldom  
s p e c i f i e d  in  th e  p u b l is h e d  l i t e r a t u r e  o f t e n  b e in g  
re g a rd e d  as " p r i v i l e g e d  in f o r m a t io n ” by th e  p a r t i c u l a r  
company. Even where p u b l is h e d  th e y  a re  seldom r e l a t e d  
to  any s p e c i f i c  s e t  o f  p a ra m e te rs  w h ich  can be used f o r  
p r e d i c t i o n  pu rp o s es . Two monumental s t u d ie s ,  how ever,  
do p r o v id e  an id e a  o f  th e  form  o f  p o s s ib le  r e l a t i o n s h i p s .
ER-2180 179
CHENERY (1 8  ) In  d e r i v i n g  an e n g in e e r in g -p r o d u c t io n  
f u n c t io n  f o r  p i p e l i n e  systems suggested  an a n n u a l o p e r a t in g  
c o s t r e l a t i o n s h i p  o f  th e  form :
C = a , iW +  a 0D 4- a 9C + a, HP -  -  -  ( 2 .1 8 8 )
($ /Y R ) I  Z J 4
where
a^ = C o s t / t o n  o f  s t e e l  = $100
a 9 =» A nnual m a in ta in a n c e  c o s t / i n  d ia m e te r
z -  $1250
a~ = O th e r  o p e r a t in g  c o s ts  as a f r a c t i o n  o f
t o t a l  c o s t  = 0 .1 8
a^ = A nnual o p e r a t in g  c o s t p e r  H .P .  = $19
W = T o t a l  w t . o f  s t e e l
D = I n t e r n a l  d i a m e t e r ( in s )
HP = I n s t a l l e d  Horsepower
C = T o t a l  A nnual C o s t /1 0 0  m i le s  o f  l i n e
i  = Combined a n n u a l r a t e  o f  i n t e r e s t ,
d e p r e c i a t io n  and o b so lesc en c e  = . 0 6 —^ .1 0
Numbers l i s t e d  f o r  th e  v a r i a b l e s  were those  used by
Chenery (1 8  ) and a r e  based on an FPC (1 9 4 5 )  c o s t  s tu d y
and r e f e r  to  a s ta n d a rd  100 m i le  l i n e  le n g t h .
THOMPSON e t  a l  (6 5  ) i n  d e r i v i n g  a dynamic i n v e s t ­
ment model o f  th e  p i p e l i n e  f i r m ,  based t h e i r  c o s t  a n a ly s is  
on a m o d i f ie d  form  o f  th e  Chenery c o s t  f u n c t io n .  S in c e  
t h e i r  model c o n s id e re d  i n t e r e s t  on de b t and d e p r e c i a t io n  
s e p a r a t e ly  and e x p l i c i t l y ,  C h e n e ry 's  " i "  was ig n o r e d .
T h e i r  o p e r a t in g  c o s t  r e l a t i o n s h i p  to o k  th e  form :
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c t
($ /Y R )
1
( o . z i y
19W + 1250D + 0.0108 •
t =0










O p e ra t in g  Cost i n  y e a r  t
A llo w a n c e  f o r  m a in ta in a n c e  and ob so lescence  
Compression c a p a c i t y  used i n  y e a r  t
S tock o r  C u m u la t iv e  In v e s tm e n t in  p ip e  to  
y e a r  t
S tock  o r  C u m u la t iv e  In v e s tm e n t in  com pression  
to  y e a r  t .
( A l l  r e f e r  to  100 m i le  l i n e  le n g t h )
Y e t  a n o th e r  approach  has been ad op ted  by MARSDEN (42 ) .  
H is  seems to  be th e  p o p u la r  approach  used i n  le s s  d e f i n i t i v e  
s tu d ie s  th an  t h a t  proposed h e re .  I t  is  to  assume a n n u a l  
o p e r a t in g  c o s ts  (co m p ress io n  n o t  c o n s id e re d )  to  be a 
f i x e d  f r a c t i o n  o f  c u m u la t iv e  c a p i t a l  in v e s tm e n t to  t h a t  
p o in t  i n  t im e .  He suggests  a v a lu e  o f  0 .0 4 .  Then
Ct  
( $ / YR)
-  0 .0 4
  ( 2 .1 9 0 )Lt P Z-. c
t =0 t =0
S in c e  c u m u la t iv e  c a p i t a l  in v e s tm e n t  does i m p l i c i t l y  c o n s id e r  
p ip e  d ia m e te r ,  th ic k n e s s  and w e ig h t  as w e l l  as i n s t a l l e d
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compression capacity this may not be as inexact as it 
first seems. What is not considered explicitly or 
implicitly is actual volumes transmitted as a fraction 
of installed capacity or the "load factor".
The Chenery-Thompson type formulation is most suit­
able for the purposes of this model. It seems justified, 
therefore, to attempt updating their costs from 19 45 to 
a 1977 level.
Numbers supplied by OCj (20) indicate that with a 
1947 cost index of 100, 1977's overall pipeline con­
struction cost index was 370. If it may reasonably be 
assumed that this is also representative of operating 
costs only, then Chenery's cost coefficients in 19 77 











It should be noted that the FPC study upon which 
Chenery based his values included only onshore pipe­
line systems. Using a conservative multiple of (3) 
for conversion to offshore costs gives the final column 
of the Table above.
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Further, the following assumptions seem reasonable:
(i) That the maintainance and obsolescense factor 
of 0.82 suggested by Thompson (65) is adequate.
(ii) That the cumulative capital investment factor 
of 0.02 represents a reasonable increase over the 1945 
value of 0.011 used by Thompson to be considered current. 
The increase is thought due to the increasing share of 
gross profits by labor and the effects of escalation on 
costs over those years.
Then the operating cost relationship to be used in 
this study (in 1976-77 dollars) takes the form:
C (205 HP^ + 13500 D + 0.03 (V  Ifc + 5̂  Ifc ) )








3 .1  A MEANINGFUL DESIGN OBJECTIVE; THE OBJECTIVE FUNCTION
A l l  e n g in e e r in g  systems have as t h e i r  d e s ig n  
o b je c t iv e  th e  pe rfo rm a n ce  o f  a s p e c i f i c  f u n c t io n  o r  
s e t  o f  f u n c t i o n s . When v ie w ed  as an e n g in e e r in g  -  e c o ­
nomic system  one r a t i o n a l  o b j e c t i v e  i s  s a t i s f a c t o r y  
p e rfo rm a nce  o f  a s p e c i f i c  f u n c t io n  a t  minimum c o s t o r  
maximum p r o f i t a b i l i t y .  In  p r a c t i c e  th e r e  a re  o n ly  two 
o f  s e v e r a l  p o s s ib le  o b je c t iv e s  b u t th e y  do seem th e  most 
r a t i o n a l  and a re  th e  most commonly used. Q u ite  o f t e n ,  
p o l i c i e s  d i c t a t e d  by e i t h e r  one a re  i d e n t i c a l  w i t h  those  
d i c t a t e d  by th e  o t h e r .  The a l t e r n a t i v e  o f  m a x im iz in g  
p r o f i t a b i l i t y  o v e r  th e  l i f e t i m e  o f  th e  e n g in e e r in g  system  
w i l l  be a r b i t r a r i l y  chosen as th e  o b j e c t i v e  o f  t h i s  
p a r t i c u l a r  o f f s h o r e  p i p e l i n e  system  d e s ig n .
S e v e ra l  measures o f  p r o f i t a b i l i t y  a re  in  c u r r e n t  
use b u t  as d is c u s s e d  p r e v io u s ly ,  n o t  a l l  a re  v a l i d  f o r  
th e  system  un der s tu d y .  Among the  v a l i d  approaches  
a re  NET PRESENT VALUE (N P V ), NET PRESENT WORTH (NPW),
NET FUTURE WORTH (NFW) and NET ANNUAL WORTH (NAW).
A g a in , a r b i t r a r i l y ,  NET PRESENT VALUE (NPV) is  th e  chosen  
measure o f  p r o f i t a b i l i t y .  I t  may be d e f in e d  as f o l lo w s :
NPV -  fCUMULATIVE PRESENT VALUE OF CASH
1 INFLOWS + PRESENT VALUE OF NON-CASH 
CREDITS r PRESENT VALUE OF CASH 
OUTFLOWSJOVER THE L IF E  OF THE PROJECT
  ( 3 . 1 )
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R e fe r r e d  d i r e c t l y  to  th e  o f f s h o r e  p i p e l i n e  system t h i s  
can be w r i t t e n  as:
NPV = CUMULATIVE PRESENT VALUE m GROSS REVENUES 
OVER PROJECT L IFE  OF .  FROM SALES OF
^GAS AND CONDENSATE
+  DEPRECIATION - OPERATING -  INVESTMENTS
where d e p le t io n  (a n o th e r  n o n -c a s h  c r e d i t )  is  assumed n o t  
a p p l ic a b l e .  The b r a c k a t t e d  e x p re s s io n  is  o f t e n  r e f e r r e d  
to  as NET CASH FLOW (N C F ) .
U n f o r t u n a t e ly ,  a c c o u n t in g  p ro c ed u re s  and th e  t a x  
laws c o m p lic a te  d e te r m in a t io n  o f  NPV, u s in g  e q u a t io n  ( 3 . 2 )  . 
I n  p r a c t i c e  NET CASH FLOW i s  d e te rm in e d  i n  th e  f o l lo w in g  
m anner:
GROSS REVENUES
O p e ra t in g  Costs
D e p r e c ia t io n  A llo w a n c e  
= T a x a b le  Income.
N et P r o f i t  = T a x a b le  Incom e-Incom e Tax
Cash Flow = N et P r o f i t  + D e p r e c ia t io n
Allowance
NET CASH FLOW = CASH FLOW - CAPITAL COSTS. - - -(3.3)
COSTS
( 3 . 2 )
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T h is  can be s i m p l i f i e d  somewhat th ro u g h  use o f  th e  
co n ce p t o f  t a x  s a v in g s . Then:
NET CASH FLOW = GROSS REVENUES -  OPERATING COSTS
- INCOME TAX RATE ' (Gross Rev. -  
Op. C o s ts ) 4- INCOME TAX sav in g s  
from  d e p r e c ia t io n  -  C a p i t a l  Costs
-  PROPERTY TAX
OR
NET CASH FLOW = ( 1 -  INCOME TAX RATE ) [GROSS
REVENUES -  OPERATING COSTS] -  
DEPRECIATED OR CURRENT VALUE OF 
CAPITAL COSTS ' [PROPERTY TAX 
RATE] -  CAPITAL COSTS +  [iNCOME 
TAX RATE] ’ DEPRECIATION CREDITS
  ( 3 . 4 )
Each o f  th e s e  term s can now be exam ined and ex p ress ed  in
a s u i t a b l e  m a th e m a t ic a l  fo rm .
3 . 1 . 1  GROSS REVENUES
These a r i s e  from  th e  s a le  o f  gas and co n d en s a te .
D e f in e  th e  f o l lo w in g  te rm s:
PgQ -  U n i t  gas p r i c e  a t  t im e  zero., $/MCF
PcQ = U n i t  co nd ensate  p r i c e  a t  t im e  z e ro ,  $ /B b l
RL = C ondensate/G as R a t io ,  Bbls/MCF
Assumed c o n s ta n t  f o r  economic l i f e .
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yQ = Demand f o r  gas a t  t im e  z e r o ,  MCF/YR
y = Demand f o r  gas a t  t im e  y e a r ,  t ,  MCF/YR
JU = Annual Demand In c re m e n t ,  MCF/YR 
'D Assumed c o n s ta n t  f o r  economic l i f e .
Then y t  = y Q +  |A t  --------- ( 3 . 5 )
d e s c r ib e s  demand f o r  gas as a fu n c t io n  o f  t im e  in  y e a rs .
We h a v e , o f  c o u rs e , i m p l i c i t l y  assumed t h a t  th e  m a jo r
p ro d u c t  is  gas and th e  condensate  i s  a b y -p r o d u c t .
Then
GROSS REVENUE in  any y e a r ,  t  = y t pg0+ y t RPco
* yt (pg0+Rpco )
I f  we assume t h a t  b o th  gas and co nd ensate  p r ic e s  change 
a t  th e  same r e a l  r a t e ,  th en  by e q u a t io n  ( 2 . 1 5 1 ) ,  th e  
p re s e n t  v a lu e  o f  y e a r  t ' s  gross reve n u e  i s  g iv e n  by:
PVGROSS REVENUE, C = y t ('Pgo+ RPco  ̂ exP +
( i  -  i  ) t l  
S P J
Summing such p r e s e n t  v a lu e d  gross revenues o v e r  th e  
economic l i f e  o f  th e  p r o j e c t  (assumed i n f i n i t e )  g iv e s
PVGROSS REVENUE =/ o<a /><*»
t  (Pg0+RPc0) expf- (i+ig-i ) c] dt=y0 (Pg0+RPc0YexpJJ- (i+i -ip) t  jd t
(*<* Jq
+ P-(pg0+RPco) h- exP [ - ( i + i g - i p ) t ] d t  -  -  -  (3 - 6 )
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The v a lu e  o f  th e  f i r s t  i n f i n i t e  i n t e g r a l  has been  





T h e n :
GROSS REVENUE y o^PS0 +  RpC0 ) +  Pgo + RPCo')
( i  +  i  -  i  ) ( i  +  i  -  i  ) 2
g P S P
  ( 3 . 7 )
R e c a l l  from  S e c t io n  ( 2 . 4 . 2 )  t h a t  U. is  th e  most l i k e l y
*3>
e s t im a te  o f  c o n s ta n t  an n u a l demand g ro w th . I t  i s  i d e n t i c a l
to  th e  mean o f  th e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  demand
in c re m e n ts  p e r  u n i t  t im e  (p ro v e d  t h e f e  to  be a no rm al
d i s t r i b u t i o n ) .
3 . 1 . 2  OPERATING COSTS
L e t  th e  o p e r a t in g  c o s t  in  any y e a r ,  t ,  = ( O . C . ) t
Then, u s in g  an approach  s i m i l a r  to  t h a t  used above
in  c o n ju n c t io n  w i t h  e q u a t io n  ( 2 . 1 5 2 ) ,  th e  C u m u la t iv e
p r e s e n t  v a lu e  o f  o p e r a t in g  c o s ts  o v e r  th e  economic l i f e
o f  th e  p r o j e c t  i s  g iv e n  by:
>06
PVOPERATING = J  ( O . C . ) t exp [ - ( i  + i g -  i Q) t ]  d t
COSTS "0
  ( 3 . 8 )
As d is c u s s e d  i n  S e c t io n  ( 2 . 4 . 3 ) ,  s e v e r a l  approaches  
may be ta k e n  i n  d e s c r ib in g  th e  o p e r a t in g  c o s t  f o r  any
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y e a r  " t . "  S e c t io n  ( 2 . 4 . 2 )  deve lo ped  an " e x p e c te d'1 
in v e s tm e n t  model un der d e t e r m i n i s t i c , c o n s ta n t  an n u a l  
demand grow th  c o n d i t io n s  w hich  p roved  to  be a d i s c r e t e  
f u n c t io n  o f  t im e .  Then in  y e a r  t :
( 0 . c . ) t  = f .  y  I .   ( 3 . 9 )
One p o s s ib le  way o f  s i m p l i f y i n g  th e  e q u a t io n  o b ta in e d  by  
com bining ( 3 . 8 )  and ( 3 . 9 )  i s  by c o n v e r t in g  ( 3 . 9 )  from  
i t s  d i s c r e t e  form  to  an e q u iv a le n t  co n tin u o u s  f u n c t io n  o f  
t i m e .
I n  S e c t io n  ( 2 . 4 . 2 )  we o b ta in e d  an e x p re s s io n  f o r  th e  
t o t a l  e x p e c te d  p re s e n t  v a lu e  o f  in v e s tm e n ts  o v e r  i n f i n i t e  
p r o j e c t  l i f e .  T h is  is  g iv e n  by e q u a t io n  ( 2 . 1 6 8 ) ,  r e p e a te d
h e re  i n  s l i g h t l y  m o d i f ie d  form:
CTOT = 1 -  exp
KX T  1
p ( - i * j £  ) j
  ( 3 .1 0 )
C o n v e r t in g  th e  f i r s t  in t o  an e q u iv a le n t  a n n u a l i n v e s t ­
ment u s in g  th e  approach  o f  3c a rr io le  (58 ) :
Fn = P (1  +  i * ) n = Compound Amount on a
S in g le  Payment, P, a f t e r  n
' i n t e r e s t  p e r io d s  a t  i * % /P e r io d
  ( 3 .1 1 )
and
Fn = A ( l )  +  A (1  +  i * )  +  A( 1 + i * )  + +
A (1  +  i *)n_1
= Compound Amount on a u n ifo rm  s e r ie s  o f  
i d e n t i c a l  an n u a l paym ents, A, a f t e r  n 
y e a rs
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C r e a t in g  a new e q u a t io n  by m u l t i p l y i n g  th e  above by
( i *  ■+■ 1) th en  s u b t r a c t in g  th e  above from  th e  new e q u a t io n
g i v e s :
Fn ( l  +  i * )  -  Fn= A (1 +  i * ) n -  A
OR
A = Fn f  t - j j --------- 1  ( 3 . 1 2 )
L(1 + i*) - ljn 1
= The amount o f  money, A, t h a t  must be sunk 
i n t o  a fund a t  th e  end o f  each p e r io d  f o r  
n p e r io d s  a t  i ^ / p e r i o d  to  accum ula te  F 
d o l l a r s .
Combining e q u a t io n s  ( 3 .1 1 )  and ( 3 . 1 2 )  we o b ta in :
A -  P (1 +  i * ) n nL (1 + i*) - 1.
OR
ni * ( l  +  i * )
L(1 + i*)n - 1 J
  ( 3 .1 3 )
w h ich  is  th e  u n i fo rm  s e r ie s  o f  e q u a l payments made f o r  n 
p e r io d s  e q u iv a le n t  to  a p r e s e n t  sum, P.
D iv id in g  top and bo ttom  by ( i *  -r i ) n we o b t a in :
A = P I i *  1
[ 1 -  (1 +  i * ) -n
Then as n 
OR
[ i  -  a  +  i * ) ' n ]
  ( 3 .1 4 )A = P i *
w h ich  is  th e  co n tin u o u s  f lo w  o f  funds e q u iv a le n t  to  a 
s in g le  p r e s e n t  v a lu e  sum P a t  c o n tin u o u s  i n t e r e s t  r a t e ,  
i .
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R e fe r r e d  back to  e q u a t io n  ( 3 . 1 0 ) ,  th e  co n tin u o u s  
f lo w  o f  funds C ( t )  e q u iv a le n t  to  th e  p r e s e n t  v a lu e  o f  
c u m u la t iv e  in v e s tm e n t o v e r  i n f i n i t e  p r o j e c t  l i f e ,  is  th en  
g iv e n  by:
C ( t ) iC TOT
i *  f K x T . l
[  1 -  e x p ( ~ i * x  ) j
  ( 3 .1 5 )
In v e s tm e n t d o l l a r s  e s c a la t e  a t  th e  co n tin u o u s  r a t e  ( i  +  
i a) w i t h  i ,  icr h a v in g  meaning as p r e v io u s ly  d e f in e d .  Then
i *  = ( i  +  i  )   ( 3 .1 6 )
S u b s t i t u t i n g  in t o  e q u a t io n  ( 3 . 9 )  g iv e s :
( O . C . ) t  = f  * t  ' C ( t )  by d e f i n i t i o n  o f  C ( t )
-■ f * t  * ( i  +  i  ) r  ^ _______
§ [  1 -  exp ( - i * x )
by ( 3 .1 5 )
OR
(O .C . ) f  fk
I 1 -
( j  + jg )
exp ( - i *  x )
  ( 3 .1 7 )
S u b s t i t u t in g  ( 3 . 1 7 )  i n t o  e q u a t io n  ( 3 . 8 )  g iv e s :
PVOPERATING 
COSTS
[ f ( i  + i g ) k  x  
[ I  -  exp ( _ i * £ 7
[-(i + h - y t ]
  ( 3 .1 8 )
OR
PVOPERATING 
COSTS (i + ig - i0 >
f k  x V  ( i  +  i  g ) 
1 -  exp C  j.* & )
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where i *  i s  e v a lu a te d  as i * i  +  i g .  Then:
i V  iPV OPERATING COSTS k ’ x
1 -  exp ( - i  * x )
where
k '  = f ( i  +  i g ) k ( 3 .1 9 )
3 . 1 . 3  DEPRECIATION CREDITS
F o r th e  o f f s h o r e  p i p e l i n e  system , d e p r e c ia b le  a s s e ts
c o n s is ts  o f  a l l  t a n g i b le  in v e s tm e n ts  in  s e p a r a t io n
f a c i l i t i e s ,  com pression f a c i l i t i e s ,  p la t fo rm s  and th e
p i p e l i n e  i t s e l f .  R e c a l l  t h a t  by th e  assum ptions o f  th e
in v e s tm e n t m odel, such in v e s tm e n t re p e a ts  i t s e l f  e v e ry  
\
x y e a rs  i n  th e  same r e a l  m ag n itu d e . I n f i n i t e  e q u ip ­
ment l i f e  has been assumed b u t  economic l i f e  f o r  d e p r e c ia ­
t i o n  purposes (as s p e c i f i e d  by th e  r e le v a n t  r e g u la t o r y  
agency) w i l l  be assumed to  be 30 y e a r s .  F u r t h e r  s t r a i g h t  
l i n e  d e p r e c ia t io n  o v e r  t o t a l  economic l i f e  w i l l  be 
assumed o p t im a l .
The t o t a l  d e p r e c i a t io n  c r e d i t s  o v e r  i n f i n i t e  economic  
l i f e  can be r e p r e s e n te d  by a s e r ie s  o f  th e  form :
30 X, +  30
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n
where = Kn - i exP [ “ (*• +  i-S )x ]
and assuming "n "  such c a p a c i t y  i n s t a l l a t i o n s  o v e r  i n f i n i t e
t im e . ( 3 .2 0 )
E q u a t io n  ( 3 .2 0 )  can be s i m p l i f i e d  somewhat by d i s ­
c o u n t in g  each s e t  o f  d e p r e c ia t io n  c r e d i t s  i . e .  chose f o r  
each i n s t a l l a t i o n ,  back to  i t s  t im e  o f  i n s t a l l a t i o n  (30  
y e a r s ) . The p r e s e n t - v a l u e - i n t e r e s t - f a c t o r  in  such a 
case is  n o th in g  b u t  th e  u n ifo rm  s e r ie s  p re s e n t  w o rth  
f a c t o r  as d e f in e d  by S te rm o le  (58 ) ,  w h ich  is  th e  p r e s e n t  
s in g le  sum o f  money e q u iv a le n t  to  a u n i fo rm  s e r ie s  o f  
e q u a l paym ents, A, i . e . :
i  k  ^  . <PV IF>
by d e f i n i t i o n
( 3 .2 1 )
w here i *  *  i  -f ig  
S u b s t i t u t i n g  in t o  e q u a t io n  ( 3 . 2 0 ) :
(P V IF )
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E x a m in a tio n  in d ic a t e s  t h a t  th e  second te rm  ( m u l t i p l e )  
o f  t h i s  e x p re s s io n  is  n o th in g  b u t th e  s t a r t i n g  p o in t  o f  
th e  in v e s tm e n t a n a ly s is  o f  S e c t io n  ( 2 . 4 . 2 )  i f  i t  is  con­
s id e r e d  as a l r e a d y  c o n v e r te d  to  c o n s ta n t  d o l l a r s .  Then 
by e q u a t io n  ( 2 . 1 6 8 ) :
1 -  exp ( - i * x  )




_1_ . (P V IF )  
30
K
x $ /  (1 -  exp ( - i * x  )
K" x t  /  (1 -  exp ( - i *  x )
where K' _L • K
30
(P V IF )





1 - exp (-i* g)
INCOME TAX RATE ( 3 .2 4 )
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3 . 1 . 4  CAPITAL COSTS (INVESTMENT)
C a p i t a l  in v e s tm e n t in  th e .s u b s e a  p i p e l i n e  system  
u s u a l l y  c o n s is ts  o f  bo th  t a n g i b le  ( r e a l  p r o p e r ty  and 
p l a n t )  and i n t a n g i b l e  ( l a b o r ,  a d m i n i s t r a t i v e )  components. 
Each is  s u b je c t  to  i t s  own ta x  and o th e r  c o n s id e r a t io n s .
To s i m p l i f y  o u r a n a ly s is  somewhat we w i l l  r e g a rd  a l l  
in v e s tm e n t  as t a n g i b le  f o r  t a x  and d e p r e c ia t io n  p u rp o s es .  
J u s t i f i c a t i o n  is  based on th e  p re v a le n c e  o f  t h i s  p r o ­
cedure  in  a c t u a l  p r a c t i c e  and th e  f a c t  t h a t  i t  e s s e n t i a l l y  
in t ro d u c e s  a s a f e t y  f a c t o r  in t o  th e  economic a n a ly s is .
In v e s tm e n t item s can be b r o a d ly  c l a s s i f i e d  in t o  
th e  f o l lo w in g  com ponents:
(a )  P i p e l i n e  a s s o c ia te d  ( * p )  (b ) S e p a ra to r
a s s o c ia te d  ( c ) Compressor a s s o c ia te d  ( I c )
Then I TQT = I p +  I g +  Tc   ( 3 . 2 5 )
Each c o s t  component has been d is c u s s e d  and d e ve lo p e d  in  
terms o f  th e  d e s ig n  v a r i a b l e s  in  S e c t io n  ( 2 . 4 . 3 ) .  These  
a re  d e t a i l e d  i n  e q u a t io n s  ( 2 .170 ) th ro u g h  ( 2 . 1 8 7 ) .
R e c a l l  from  s e c t i o n ( 2 . 4 . 2 )  t h a t  c u m u la t iv e  in v e s tm e n t  
had been r e l a t e d  to  a d e t e r m i n i s t i c  demand g ro w th .T h e  
p r e s e n t  v a lu e  o f  t h i s  c u m u la t iv e  in v e s tm e n t o v e r  i n f i n i t e  
p r o j e c t  l i f e  was d e r iv e d  in  t h a t  s e c t io n  and i s  g iv e n  
by e q u a t io n  ( 2 . 1 6 8 ) .  T h is  e q u a t io n
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was s u b s e q u e n t ly  m o d i f ie d  to  c o n v e r t  to  c o n s ta n t  
d o l la r s  in  an i n f l a t i o n a r y  c l i m a t e .  T h is  is  g iv e n  by  
e q u a t io n  (3 . 22) .
One pro b lem  re m a in s , t h a t  o f  e x p re s s in g  th e  c o s t o f  
a p a r t i c u l a r  i n s t a l l a t i o n  (as g iv e n  by e q u a t io n s  ( 2 .1 7 0 )  
th ro u g h  (2 .]_87 ) and e q u a t io n  ( 3 . 2 5 ) )  i n  th e  assumed 
fo rm  o f  e q u a t io n  ( 3 . 22) i . e .  K x $  . K has been d e s c r ib e d  
as th e  c o s t  c f  an i n s t a l l a t i o n  w i t h  u n i t  c a p a c i ty  i . e .  
c a p a b le  o f  t r a n s m i t t i n g  one y e a r 's  demand g ro w th . Two 
p o s s ib le  approaches a re  as fo l lo w s :
(a )  D e te rm in e  th e  o p t im a l  d e s ig n  and hence c o s t
o f  a system  c a p a b le  o f  t r a n s m i t t i n g  one y e a r 's  demand
( i n i t i a l  o r  t im e - z e r o  e s t i m a t e ) . T h is  g iv e s  th e  r e q u i r e d
« •
K v a lu e .  A v a lu e  f o r  \3f may th en  be assumed based on 
in d u s t r y  t re n d s  o r  p re v io u s  s tu d ie s  ( e . g .  Manne 
s u g g e s ts , a r b i t r a r i l y ,  a v a lu e  o f  0 . 5 ) .  A lso  s e v e r a l  
v a lu e s  may be assumed and pe rfo rm a n ce  ob served  as a 
f u n c t io n  o f  th e  assumed " " v a lu e .
(b )  S o lv e  f o r  b o th  K and s im u l ta n e o u s ly .  T h is  
is  most e a s i l y  a c h ie v e d  by d e te rm in in g  o p t im a l  des ig ns  
and c o s ts  a t  two v e ry  d i f f e r e n t  t a r g e t  c a p a c i t i e s .  
C o n v e r t in g  th e  c o s t  r e l a t i o n s h i p  i n t o  l i n e a r  fo rm  g iv e s :





+ b   ( 3 . 2 6 )
w h e re :
Y = In  I I T0T  ̂ and X = I n  j X J 
and = In  ( K ]a = ^
w h ich  can be s o lv e d  as l i n e a r  s im u lta n e o u s  e q u a t io n s  f o r
:fa" and " b " . Beth  methods w i l l  be t r i e d  and compared.
C u m u la t iv e  e x p e c te d  p re s e n t  v a lu e  o f  in v e s tm e n ts  
o v e r  p r o j e c t  l i f e  can t h e r e f o r e  be e x p re s s e d  i n ( th e  
f o l lo w in g  f i n a l  fo rm :
/ C6IT0T exp £-(i + ig)t J dt
u
K
P .V . INVESTMENT
1 -  exp ( - 1* £ )
where
i * = i + i 'a
and K, vy a re  to  be d e te rm in e d  in  a s u i t a b l e  m anner.
  ( 3 .2 7 )
3 . 1 . 5  TAXES
Taxes a g a in s t  th e  c o r p o r a t io n  a re  u s u a l ly  a combina­
t i o n  o f  p r o p e r ty  and income ta x e s .  Income ta x e s  a r e ,  
o f  c o u rs e , based on cash f lo w s  and f o r  a c o r p o r a t io n  o f  
th e  obv io us s iz e  c o n s id e re d  h e re  i s  a t  a f i x e d  e f f e c t i v e
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r a t e  (% /Annum), " ^  " ,  P r o p e r ty  ta x e s  a re  based on th e  
d e p r e c ia te d  v a lu e  o f  p h y s ic a l  p l a n t  and p r o p e r t y  and is  
f o r  such a c o r p o r a t io n  a t  a f i x e d  e f f e c t i v e  r a t e  (%/Annum), 
" §  " The te rm  " e f f e c t i v e "  im p l ie s  a combined r a t e  where  
ta x e s  due to  more th a n  one agency a re  in v o lv e d .
(a )  Income T a x e s : The two item s based on income
ta x e s  i n  th e  NCF e x p re s s io n  o f  e q u a t io n  ( 3 . 4 )  c o n ta in  
th e  income ta x  r a t e  ( V  ) as a s im p le  c o n s ta n t  m u l t i p l e .
E x p re s s io n s  f o r  Gross Revenue, o p e r a t in g  co sts  and 
d e p r e c ia t io n  c r e d i t s  have been d e v e lo p e d . T o t a l  p re s e n t  
v a lu e  o f  income ta xes  has t h e r e f o r e  been d e te rm in e d .
(b ) P r o p e r ty  T a x e s : To d e te rm in e  th e s e  we need
to  deve lop  a s u i t a b l e  e x p re s s io n  s p e c i f y in g  th e  c u r r e n t  
d e p r e c ia te d  v a lu e  o f  a l l  c a p i t a l  a s s e ts  on in v e s tm e n ts .
C o n s id e r  a c a p i t a l  in v e s tm e n t made a t  th e  b e g in n in g  
o f  y e a r  t ,  I  . T h is  in v e s tm e n t i s  th e n  d e p r e c ia te d ,  
s t r a i g h t  l i n e ,  o v e r  th e  succeed in g  30 y e a r s .  Then th e  
d e p r e c ia te d  v a lu e  o f  th e  in v e s tm e n t a t  any subsequent  
t im e ,  "y "  y e a rs  a f t e r  y e a r  " t "  i s  g iv e n  by:
c o rre s p o n d in g  p r o p e r t y  t a x  p a id  a t  th e  end o f  t h a t  y e a r  
w i l l  be:
DEPRECIATED VALUE OF I  
AFTER, y YEARS
END OF YEAR PROPERTY TAX 
ON DEPRECIABLE VALUE OF I
IN  YEAR, ( t  +  y)
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and
TOTAL PROPERTY TAX OVER 
30 YR DEPRECIABLE L IFE  OF = 
I .
y=0
  ( 3 .2 3 )
The e x p re s s io n  un der th e  summation s ig n  is  n o th in g  b u t an 
a r i t h m e t i c  g r a d ie n t  s e r ie s  w i t h  1s t  te rm  o f  1 and g r a d ie n t ,  
g, o f  - 1 / 3 0 .
An e x p re s s io n  has been d e r iv e d  by STERMOLE ( 5 8 )  f o r  
f i n d i n g  th e  u n i fo rm  e n d - o f - p e r io d  payments e q u iv a le n t  to  
such an u n eq u a l s e r i e s .  The d e r i v a t i o n  w i l l  n o t  be 
c o n s id e re d  h e re  b u t  th e  f i n a l  e x p re s s io n  is :
A = g - n_ 
i ' n
  ( 3 . 2 9 )
( i *  +  1) -  1 j
I t  i s  o b ta in e d  q u i t e  s im p ly  by r e g a r d in g  th e  n o n -u n ifo rm  
s e r ie s  as made up o f  two components ( i )  A sec o f  e q u a l  
payments ( i i )  A s e t  o f  payments in c r e a s in g  by g a t  th e  
end o f  each p e r io d .  The f u t u r e  w o r th  a t  any a r b i t r a r i l y  
chosen t im e  o f  each component is  fo u n d . S u b t r a c t in g  th e  
two r e s u l t i n g  e x p re s s io n s  accom panied by s im p le  a lg e b r a ic  
m a n ip u la t io n  g iv e s  th e  d e s ir e d  r e s u l t .
The p r e s e n t  v a lu e  o f  such a s e r ie s  o f  u n ifo rm  payments  
has been d e r iv e d  e a r l i e r ,  th e  i n t e r e s t  f a c t o r  ( P V I F ^  ^q )
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i s  g iv e n  by th e  f a c t o r  o f  e q u a t io n  ( 3 . 1 3 ) .  R e c a l l in g  
from  th e  d e r i v a t i o n  o f  ( 3 .2 9 )  t h a t  th e  f i r s t  te rm  o f  the  
s e r ie s  ( i n  y e a r  z e ro )  has been re -a d d e d  g iv e s  the




£  11L y=0
y
30 [ P V IF i * , 3 o ]  ’
n
i ' n( i *  + l ) “  -  1 n +
where g = A r i t h m e t ic  = I  
G ra d ie n t  ’ 3T7
i _
JL —
P .V . PROPERTY
TAX
(YEAR 0)
Thus th e  p r o p e r ty  t a x  p a id  on th e  in v e s tm e n t made in  
y e a r ,  t ,  in  y e a r  t ’ s p re s e n t  v a lu e d ,  c o n s ta n t  d o l l a r s  is  
g iv e n  by:
= 8 • I t  • ( P V I F . * >30) •
I r
i 1 -  _1_ 1 -  30
I 30 [ i *  I *
= S  x ^ ¥̂ i*,30
  ( 3 .3 0 )
The r e s u l t i n g  c u m u la t iv e  p re s e n t  v a lu e d ,  c o n s ta n t  d o l l a r  
p r o p e r ty  t a x  p a id  o v e r  i n f i n i t e  p r o j e c t  l i f e  i s  th e n :
T *
(P V IF , , ,  Qn) • F





P V C * (1  4- i * ) - t' ‘ PROPERTY  ̂ }
TAXV0 as T1•PROPERT TAX Y exp [ - ( i + i g )  t ]  d t
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(P V IF i af 3 0 ) * J I t exp J -  ( i + i g )  t  J d t
0
The i n t e g r a t e d  e x p re s s io n  can be re c o g n iz e d  as th e  
p r e v io u s ly  d e v e lo p e d , p re s e n t  v a lu e d ,  c o n s ta n t  d o l l a r ,  
y e a r  ze ro  c u m u la t iv e  in v e s tm e n t .  I t s  v a lu e  was g iv e n  
by e q u a t io n  ( 3 . 2 2 )  e v a lu a te d  a t  i * s ( i  + i g )
Then, f i n a l l y :  
P.V. PROPERTY TAX S T-CPVIF,* Q) 1
K x f t  1
x p ( -  i * &  )1 -  e p
S /&  AK xV
1 -  e x p ( -  i *
>//w here K = F ' (P V IF . j .  , „ )  ‘ Kl '', J 0
  ( 3 .3 1 )
3 . 1 . 6  THE OBJECTIVE FUNCTION
A s u i t a b l e  o b j e c t i v e  f o r  th e  o f f s h o r e  p i p e l i n e  company 
can now be s t a t e d  a s :
MAXIMIZE: NPV.
where
NPV = YEAR ZERO PRESENT VALUE OF NET CASH FLOWSo r
= P .V . CUM I (1 -  S x ° ^ T E > - ( NET P R 0FIT ) +
/INCOME 
(TAX RATE




CURRENT VALUE OF 
ASSETS
NTS jCAPITAL INVESTME .from  eq. 3 . 4 )
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- a  - X )  I y 0 (s0 +  RCo + P -( gQ +  RC ) o
i +  iry - ir
K ’ x *
1 -  exp ( - i * & )
( S )
+ ( X )
( i  +  ig -  )
KMx *
K,f 1 x
1 -  exp ( - 1* &)
1 -  exp ( _ t * $)j 
\, , ai«
K xA*
- e x p ( _ i *  ft)
= ( S 0  +  R<V  ' y 0 ( i  + ^  "  iP ) + M  (1 >
( i  +  i  -  i  )
S T>
+ ( - K /  +  ( k '  + k " )  -  3  K
hi
- K )
L -  exp ( -  i  * * )
[ ( 1  -  I ) gQ +  (1  )RCq ]
y o ( i  +  i S ~ V  + H
( i + ^  -  y
( k '  +  k " )  -  $  KW -  ( K '  +K) ]  ’
X
1 -  exp ( - i *  x )
L e t  S = 1 - v/f
and T  = i + i. - i
3
  ( 3 .3 2 )
T h e n :
Max. NPV « 
where NPV = ( £ g 0 + £ RCq ) • (y0 ' K 1 + |A>'2) +




£  = 1 - *
T - i  +  ig  -  ip
f
K =
fK  ( i  +  ig ) f K i *
( i  +  % -  V 2
2
K" - &  ' P V IF i * , 3 0 K
K" ’ = F ' F V IF i * , 30 ‘ K





l ( i *
L/v = i  +  ig
3U
-  1 j
FINALLY:
NPV -  C, +  C«K
where
c i ( £ g 0 +  e RC0 ) • (y0T _1 +  p V 2 )
+ _1_
30
- (1 + fi 
f 7
.*)|=7 J
? V I? i * , 3 0  '  S ' F ' ? V IF i * , 3 0
  ( 3 .3 3 )
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3 .2  CONSTRAINTS TO MAXIMIZATION OF THE OBJECTIVE FUNCTION
W ith o u t  r e s t r i c t i o n s  on th e  range o f  v a lu e s  w h ich  v a r ia b le s  
c o n s t i t u t i n g  th e  o b j e c t i v e  f u n c t io n  can t a k e ,  th e r e  i s  no lo g ­
i c a l  reas o n  why i t s  maximum v a lu e  shou ld  n o t  be made i n f i n i t e .  
T h is  i s  o f  c o u rs e , n o t  p o s s ib le  in  th e  r e a l  w o r ld  s in c e  in p u ts  
c o s t ,  equipm ent has p h y s ic a l  o p e r a t in g  l i m i t s  and some in p u ts  
have l i m i t e d  a v a i l a b i l i t y  a t  any c o s t .  The r e l a t i o n s h i p s  
w h ich  impose bounds on th e  v a lu e s  o f  v a r i a b l e s  a re  c a l l e d  con­
s t r a i n t s .  They may a c t  e i t h e r  i m p l i c i t l y  o r  e x p l i c i t l y  and 
may be up per bounding (max. v a lu e )  o r  lo w e r  bounding (m in .  
v a l u e ) .
The model as d e v e lo p e d  in  t h i s  s tu d y  has th e  f o l lo w i n g  
b ro a d  c a te g o r ie s  o f  c o n s t r a in t s  on th e  d e s ig n  v a r i a b l e s :
(a )  IM P L IC IT : ( i )  Tw o-phase f lo w  re q u ire m e n ts  ( i i )  S t a t i c  
S t r u c t u r a l  R eq u irem ents  ( i i i )  Dynamic S t r u c t u r a l  R e q u ir e ­
ments ( i v )  M a t e r i a l ,  I n s t a l l a t i o n  and o p e r a t in g  c o s ts .
(b )  E X P L IC IT : A b s o lu te  upper and lo w e r  bounds to  th e  chosen  
d e s ig n  v a r i a b l e s .
A n a l y t i c a l  e x p re s s io n s  o f  th e s e  re q u ire m e n ts  have been de­
r i v e d  as fu n c t io n s  o f  th e  d e s ig n  v a r i a b l e s  i n  C h a p te r  I I .
These w i l l  now be re -e x a m in e d  from  th e  system  o p t im is a t io n  
p o in t  o f  v ie w  and c o n v e r te d  i n t o  seme c o n v e n t io n a l  c o n s t r a in t  
f o r m a t .
3 . 2 . 1  TOO-PHASE FLOW REQUIREMENTS
The d i s t i n g u i s h i n g  c h a r a c t e r i s t i c s  o f  tw o -p h ase  f lo w  in  
p ip e s ,a s  opposed to  th e  more no rm al s in g le -p h a s e  f lo w
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c o n d i t io n  i s  th e  r a t h e r  la r g e  p re s s u re  drops o b serve d  
due to  l i q u i d  ho ldup a lo n g  th e  l i n e  f o r  a p a r t i c u l a r  
gas c a p a c i t y .  M o re o v e r, th e  f r i c t i o n a l  component 
( s t r o n g ly  r e l a t e d  to  p ip e  d ia m e te r )  and a c c e l e r a t i o n  
component ( s t r o n g ly  r e l a t e d  to  f lo w  r a t e )  dom inate  
th e  ob serve d  v a lu e s .
The model d e ve lo p e d  thus f a r ,  has assumed p r i o r  
s p e c i f i c a t i o n  o f  th e  d e s i r e d  de s ig n  gas f lo w  r a t e .
F u r t h e r ,  i t  is  o b v ious  t h a t ,  w i t h i n  l i m i t s ,  th e  t r a n s ­
m is s io n  f i r m  has l i t t l e  c o n t r o l  o v e r  th e  in p u t  p r e s s u r e .  
A ls o ,  i t  i s  g e n e r a l l y  com m itted  by c o n t r a c t  to  an 
o n -s h o re  su p p ly  a t  a s p e c i f i e d  minimum p r e s s u r e .  Thus 
i f  th e  p o s s i b i l i t y  o f  com pression  is  ig n o re d ,  f o r  a 
p a r t i c u l a r  d e s ig n  p ro b lem , mass f lo w  r a t e  and in p u t  
p re s s u re  a re  c o n s ta n ts  w h i le  p ip e  i n t e r n a l  d ia m e te r  
and s u p p ly  p re s s u re ,  though upper and lo w e r  bounded, 
a re  the. t r u e  d e s ig n  v a r i a b l e s .  Under th e s e  c o n d i t io n s ,  
and r e c a l l i n g  t h a t  most tw o -phase  p ip e  f lo w  c o r r e l a t i o n s  
a re  d e s c r ib e d  i n  term s o f  " p re s s u re  lo s s "  ( r a t h e r  th an  
o u tp u t  p re s s u re )  f o r  a p a r t i c u l a r  gas f lo w  r a t e  and 
p ip e  d ia m e te r ,  p re s s u re  lo s s  and p ip e  d ia m e te r  su ggest  
them selves  as i d e a l  d e s ig n  v a r i a b l e s .
When com pression is  c o n s id e re d ,  how ever, th e  emphasis  
on v a r i a b l e s  changes c o m p le te ly .  T h is  is  so because
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com pression ho rs e  power and an e q u iv a le n t  p ip e  d ia m e te r  
in c re a s e  a re  d i r e c t l y  in te r c h a n g e a b le  v a r i a b l e s .  Choice  
can o n ly  be made on the  b a s is  o f  c o s t  and a v a i l a b i l i t y  
o f  la r g e  d ia m e te r  p ip e  and eq u ip m ent. Thus, in p u t ,  
and hence l i n e  o p e r a t in g  p re s s u re  o f  th e  p i p e l i n e  
becomes a r e a l  v a r i a b l e .
P re v io u s  d is c u s s io n  im p l ie d  t h a t  o n ly  in  r a r e  
c irc u m s ta n c e s  w ould  com pression as opposed to  a 
p ip e  d ia m e te r  in c re a s e  be j u s t i f i e d .  W h ile  t r u e ,  
s e v e r a l  such i n s t a l l a t i o n s  e x i s t  and to  make ou r  
model a s -g e n e r a l  as is  p o s s ib le ,  th e  second o p t io n  
w i l l  be chosen. To r a t i o n a l i z e  th e  d is c u s s io n  l e t  us 
d e f in e  th e  f o l lo w i n g  v a r i a b l e s  ( a l l  p re s s u re s  i n  p s i a ) :
= Subsea w e l l  s u r fa c e  f lo w in g  p re s s u re
= S a le s  P re s s u re  to  p i p e l i n e  f i r m
= In p u t  p re s s u re  to  th e  subsea p i p e l i n e  
(Assuming a l l  com pression is  p la c e d  
b e fo r a  s t a r t  o f  p i p e l i n e )
= D is c h a rg e  P re s s u re  o f  Compression  
System ( i f  any)
= A r r i v a l  p re s s u re  o f  gas a t  onshore  
f a c i l i t i e s
= Minimum C o n t r a c t u r a l  o n -s h o re  su p p ly  
p re s s u re
= Maximum a l lo w a b le  o p e r a t in g  p re s s u re  
f o r  th e  p a r t i c u l a r  p i p e l i n e
= Observed p re s s u re  drop a t  th e  d e s ig n  
f lo w  r a t e  , M  ̂ and P re s s u re  ( P T vr)
'  x XN' 








MQ = In p u t  mass f lo w  r a t e  ( l b  /s e c )
Then
PIN = P0UT +  ^  P0BS -  -  -  ( 3 . 3 4 )
Now, th e  minimum v a lu e  w h ich  Pq^  can assume i s :
(P° U t ) MIN = PSUPPLY 
and th e  maximum v a lu e  w h ich  can assume i s :
( p ~ PIN' PIPEMAX
E q u a t io n  ( 3 . 3 4 )  can th e n  be tra n s fo rm e d  as fo l lo w s :
PPIPE ^  PIN  ^  PSUPPLY +  ^ POBS ‘  * '  0 . 3 5 )  
w h ich  i s  th e  b a s ic  fo rm  chosen f o r  th e  tw o-phase  f lo w  
c o n s t r a i n t .
Each o f  th ese  terms must now be ex p re s s e d  i n  terms o f  th e  
d e s ig n  v a r i a b l e s :
( i )  ^p i p e  : T h is  Ts n o th in g  b u t  th e  maximum
p e r m is s ib le  w o rk in g  p re s s u re  f o r  th e  l i n e  and is  g iv e n  by 
e q u a t io n  ( 2 . 5 0 ) ;  i . e .
c: o v
  ( 2 . 5 0 )PPIPE 1 -1 5 2 Y t  J2.
D +  2 t
( i i )  ^XN: Thus ^ u s t  be th e  d is c h a rg e  p re s s u re  o f  th e
com pression system  w h ich  i s  d i r e c t l y  r e l a t e d  to  th e  d e s ig n  
f lo w  r a t e  and i n s t a l l e d  ho rse  p o w e r . I t s  v a lu e  i s  n o t  assum­
ed b u t  b a c k - c a l c u la t e d  and i t  i s  u n n e ces sary  to  d e v e lo p
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an e x p l i c i t  e x p re s s io n  f o r  i t  in  terms o f  d e s ig n  v a r i ­
a b le s .  However, i t  is  n e c e s s a ry  to  d e te rm in e  th e  
r e q u i r e d  horsepow er f Qr  a p a r t i c u l a r  d e s i r e d  v a lu e  
o f  T h is  in  tu r n  is  used to  d e te rm in e  c o s t  w h ich
w i l l  u l t i m a t e l y  be used as th e  d e c is io n  v a r i a b l e  in  
the  o b j e c t i v e  f u n c t io n .
The r e q u i r e d  r e l a t i o n s h i p  has been g iv e n  by  
e q u a t io n  ( 2 . 5 7  ) .  T h is  v a lu e  assumes, f o r  s i m p l i c i t y ,  
a c e n t r i f u g a l ,  i s e n t r o p i c ,  a d ia b a t ic  com pression s y s ­
tem. A l l  v a r ia b le s  in  th e  e x p re s s io n  have been d e f in e d  
t h e r e .  Reproduced h e re :
H. P . ADB.
/ i 1n- 3  . n WSF 4 . 3 6 1  x  10 Q r PWSF ZAVG *K'
Fe f f  ’ ZWSF
IN
K -  1 
K'
WSF/
  ( 2 . 5 7 )
Note t h a t  i f  = ?rTc-u> H.P  j.N vvSf = 0 and no com pression
i s  r e q u i r e d .  F u r t h e r ,  th e  e q u a t io n  is  v a l i d l y  a p p l ie d  o n ly  
l f  P IN  ^  PWSF‘
( i i i )  PSUPPLY : i s  s p e c i f i e d  by c o n t r a c t  and is
t h e r e f o r e  a c o n s ta n t  f o r  any p a r t i c u l a r  d e s ig n  case.
( i v )  ^ P0BS: T h is  is  o b ta in e d  fro m  th e  chosen
tw o -phase  c o r r e l a t i o n  and i s  d e te rm in e d  u s in g  an i t e r a t i v e
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c a l c u l a t i o n .  The r e q u i r e d  e x p re s s io n s  a re  g iv e n  by- 
e q u a t io n s  ( 2 . 1 2 )  th ro u g h  ( 2 . 4 4 ) .  They w i l l  n o t  be 
r e p e a te d  h e r e .
3 . 2 . 2  STATIC STRUCTURAL REQUIREMENTS
T h is  c o n s t r a i n t  w i l l  account f o r  s t r u c t u r a l  
c h a r a c t e r i s t i c s  w h ich  th e  p i p e l i n e  system must possess  
i f  i t  i s  t o :  (1 )  R e s is t  c o l l a p s e / f a i l u r e  due to
h y d r o s t a t ic  p re s s u re  and (2 )  Remain s t a b le  cn bo tto m  
a f t e r  i n s t a l l a t i o n .  N ecessary  r e l a t i o n s h i p s  betw een  
th e s e  re q u ire m e n ts  and th e  d e s ig n  v a r ia b le s  have been  
d e v e lo p e d  i n  S e c t io n s  ( 2 . 2 . 2 )  and ( 2 . 2 . 3 ) .
p r e s s u r e ,  as d e v e lo p e d  i n  S e c t io n  ( 2 . 2 . 2 )  i s  g iv e n
by e q u a t io n  ( 2 . 6 1 ) .  T h is  i s  th e  h y d r o s t a t i c  p re s s u re  
above w h ich  c o l la p s e  f a i l u r e  w i l l  o c c u r . An e x p re s s io n  
f o r  h y d r o s t a t i c  p re s s u re  a t  a g iv e n  w a te r  depth  was 
g iv e n  as e q u a t io n  ( 2 . 6 2 ) .
One re a s o n a b le  c o n s t r a i n t  f o r m u la t io n  from  th e s e  
r e l a t i o n s h i p s  is  as f o l lo w s :
S u b s t i t u t i n g  th e  e x p re s s io n s  o f  e q u a t io n s  ( 2 . 5 1 )  and  
( 2 . 5 2 )  g i v e s :
(a )  C o l l a p s e / F a i l u r e  C r i t e r i o n :
The e x p e r im e n ta l -b a s e d  c o l l a p s e / f a i l u r e  c r i t i c a l
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2 CTyE X 64WD x  n
^ T Z  77T7 *  144 ^  uNE +  O' yN (1 -  J1 )
The o n ly  v a r i a b l e s  c f  th e  above e x p re s s io n ,  whose va lu e s  
v a ry  w i t h  th e  r e le v a n t  d e s ig n  v a r ia b le s  (d im ensions o f  
p i p e l i n e )  a re  N ( - D / t )  and E. I t  w ould t h e r e f o r e  be 
c o n v e n ie n t  to  r e a r r a n g e  th e  e x p re s s io n  such t h a t  a l l  
terms c o n ta in in g  th ese  v a r ia b le s  a re  a t  th e  c e n te r  
o f  an upper and lo w e r  bounded i n e q u a l i t y .
A few a r i t h m e t i c  o p e ra t io n s  a c h ie v e  t h i s  ( i )  M u l t i p l y  
a l l  terms by ( NE + O yN 2 ( l  -  JJl '")| ( i i )  D iv id e  a l l  
terms by J64WD\ g iv in g :
4.5 CTyE ^ . r „
WD NE+N [C T y ( l -  VJL‘‘ ) J >  0
F u r t h e r , d i v id in g  by E:
4 . 5 0 ‘ y U  N +  N3E-1 [ 0 y ( l - U L 2 ) ]  0.
WD
Expressed in  a more c o n v e n ie n t  manner, th e  C o l l a p s e /F a i lu r e  




CM -  4 . 5 CTy
WD
and
C5 -  C T y ( l  -  JJL 2 )
(b ) S t a b i l i t y  C r i t e r i a :
The concept o f  and r e l a t i o n s h i p s  between th e  d e s ig n  
v a r ia b le s  and submerged w e ig h ts  r e o u i r e d  f o r  s t a b i l i t y
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were deve lop ed  in  S e c t io n  ( 2 . 2 . 3 ) .  Both v e r t i c a l  and 
h o r i z o n t a l  s t a b i l i t y  a re  n e c e s s a ry  and th e  r e q u i r e d  
c o n d i t io n s  in  c o n s t r a in t  form  can be exp ress ed  as:
For V e r t i c a l  S t a b i l i t y
Submerged W eig ht \  L i f t  Force  
( S t a t i c )  '
+ /V e r t ic a l^  
[ i n e r t i a l  
\ F o r c e
  ( 3 . 3 7 )
F o r H o r i ^ o n t a I n s t a b i l i t y
Submerged W eight X P i p e - S o i l  \
(Dynamic) F r i c t i o n  /
F a c to r
Drag Force  
+
I n e r t i a l
tForce
^ H o r iz o n ta l
  ( 3 . 3 8 )
The l a t t e r  e q u a t io n  ( 3 . 3 8 )  can be m o d i f ie d  by 
r e c o g n iz in g  t h a t  Dynamic Submerged W eight = S t a t i c  
Submerged W eight -  L i f t  Force -  V e r t i c a l  I n e r t i a l  Force  
OR
WD w; ,v - -  -  ( 3 . 3 9 )S "S L I
S u b s t i t u t in g  in t o  e q u a t io n  ( 3 . 3 8 ) ,  d i v id in g  th ro u g h  by 
th e  f r i c t i o n  f a c t o r  and t ra n s p o s in g  terms y i e l d s :
WS ^  FL +  F I  +  P f  [ FD + F i ]  -  -  -  ( 3 . 4 0 )
S ince under any r e a l i s t i c  fo rc e  and f r i c t i o n  c o n d i t io n s ,  
th e  f o l lo w in g  must be t r u e :
f l  + F? f l  +  F? + \x ?1 [  f d + F? ]  ,
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e q u a t io n  ( 3 . 3 7 )  can be ig n o re d  in  fa v o r  o f  ( 3 . 4 0 ) ,  t h a t
S
b e in g  th e  l a r g e r  o f  th e  r e q u ir e d  lo w e r  bounds f o r  Wg..
The m agnitude o f  a p o s s ib le  e x p l i c i t  upper bound
S
to  be a s s ig n e d  Wg is  d e b a ta b le .  In  p r a c t i c e ,  f o r  most 
d e s ig n  s i t u a t i o n s ,  i t  i s  p ro b a b ly  d e te rm in e d  by th e  
f a i l u r e  c h a r a c t e r i s t i c s  o f  s e a -b o tto m  s o i ls  a n d /o r  th e  
maximum c a p a b i l i t y  o f  a v a i l a b l e  c o a t in g  and la y in g  
equipm ent. As w i l l  be seen when o th e r  c o n s t r a in t s  
a re  d e ve lo p e d , th e  n a tu r e  o f  t h i s  o p t im is a t io n  prob lem  
i s  such t h a t  s e v e r a l  o f  them ( c o n s t r a in t s )  w i l l  i m p l i c i t  
impose much more r e a l i s t i c  upper bounds on Wg th a n  can 
p o s s ib ly  be guessed a t  o r  c a lc u la t e d  f o r  t h is  c o n s t r a in t  
On t h a t  b a s i s ,  any number l a r g e r  th an  th e  sub­
merged w e ig h t  to  be e x p e c te d  w i t h  l a r g e s t  a v a i l a b l e  
d ia m e te r  p ip e  and c o n c re te  th ic k n e s s  w i l l  be s u i t a b l e  
as an e x p l i c i t  upper bound. A 50 in s .  O.D.  p ip e  in  
10 f . p . s .  c u r r e n t  (b o th  about maximum ex p e c te d  v a lu e s )  
r e q u i r e s  a dynamic submerged w e ig h t  o f  a p p ro x im a te ly  
500 l b / f t  f o r  s t a b i l i t y .  The c o rre s p o n d in g  s t a t i c  
submerged w e ig h t  w i l l  be c o n s id e r a b ly  (ru x 4) h ig h e r .
S
A re a s o n a b le  upper bound f o r  Wg shou ld  t h e r e f o r e  be 
/\> 2000.
Then by e q u a t io n  ( 3 . 4 0 ) :
2000 >  WS ^  Fl  +  FI + )l-1 [ F D +  F « ]
R e la t io n s h ip s  deve lop ed  i n  S e c t io n  ( 2 . 2 . 2 )  g iv e  th e  f o l ­
lo w in g  e x p re s s io n s  f o r  C e n te r  and R . H . S .  o f  the  above:
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C e n t e r :
Wg = 1 0 . 6 8  (D +t ) t D+ 0 . 02182 p c t c (D + 2 tp+ t c )+Xl u o n i u - r r
P'
+  , 7854D2 £ Tp -  0 . 7 8 5 4 (D + 2 tp + 2 tc ) 2 £  sw
R . H . S .  :
e Sw<D+2t P+ 2t c) C v LL -LcL ez +  j F l D e
-  0 . 7 8 5 4 (D + 2 t_ + 2 t  )2 O f &  V7+ (-C1 ’ C* VJp c '  r  sw vz h f  x j
/ 2 L \
Adding j . 7 8 5 4  (D + 2 tp + 2 tc ) C ^T7 j to  b o th  s id es
and c e n te r  o f  th e  e x p re s s io n  and r e p la c in g  m u l t ip le s  
o f  c o n s ta n ts  and f i x e d  v a r ia b le s  by C^ ' s  and t r a n s ­
p o s i t i o n  y i e l d s :
C6+C7 (D+ 2 t p+ 2 t c ) 2) ^ ( c 8 (D+tp) t p+C9t c:(D+2tp+ t c )+C10+ X 
>  |C11 (D +2tp-i-2tc ) • [ C]. V2ez + p - 1  CDV2ex ]
+  C7 (D+ 2V 2t c)2 - [ l - CV ^  _ p - 1  CH - J  )
where
C6 * 2000 .
C7 = °*7854 ?SW
C8 “ 10.68





0 . 7 8 5 4  9 Tp
C11 ■ P s w7 2§c  (3 .41)
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as th e  r e q u i r e d  subsea s t a b i l i t y  c o n s t r a i n t .  E xp res s io n s
V  H
f o r  d e te rm in in g  V , V, CT , CU, Cv , CM and jJ.^ f o r  a
0  JL, D  L i  i  1 E f  f (
p a r t i c u l a r  s e t  o f  d e s ig n  c o n d it io n s  have been deve loped  
in  S e c t io n  ( 2 . 2 . 2 ) .  They need n o t  be re p e a te d  h e re .
S ince  th e  c o n c re te  c o a t in g  is  th e  p r i n c i p a l  medium
used f o r  e n s u r in g  t h a t  th e  r e q u i r e d  submerged w e ig h t  is
a t t a i n e d ,  i t  i s  po ss ib le , to  s p e c i fy  a minimum c o n c re te
th ic k n e s s  r e q u i r e d  f o r  a p a r t i c u l a r  p i p e l i n e  in  terms
o f  th e  minimum submerged w e ig h t  (o r  s p e c i f i c  g r a v i t y )
under s t a t i c  c o n d i t io n s .  E q u a tio n  ( 2 . 7 5 )  i s  one such
e x p re s s io n .  A more s u i t a b l e  form  o f  e q u a t io n  ( 2 . 7 5 )
where SG m cannot be e s t im a te d  b e fo re h a n d , would be: s
1
SO + 1 .2 7 3 WS |
^ sw f s W (D + 2t P+  2cc d4 . 0 > ( S . G ) s ^
  ( 3 . 4 2 )
w here , as i n  th e  p re v io u s  case,  the  upper bound is  chosen 
as any v e ry  la r g e  number ( w . r . t .  maximum re a s o n a b le  v a lu e s )
3 . 2 . 3  DYNAMIC STRUCTURAL REQUIREMENTS
As d is c u s s e d  in  S e c t io n  ( 2 . 3 ) ,  th ese  concern r e q u ir e d  
p h y s ic a l  c h a r a c t e r i s t i c s  o f  the p i p e l i n e  s t r u c t u r e ,  such 
ch at i t  is  a b le  to  w ic h s ta n d  s t r e s s e s  and s c ra in s  d u r in g  
l a y in g  o p e ra t io n s  w i t h o u t  in c u r r i n g  b u c k l in g  o r  b re a k a g e .
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A un ique  d e s c r ip t io n  o f  th e  m a jo r  fo rc e s  can be o b ta in e d  
th ro u gh  a c o n s id e r a t io n  o f  ( i )  Bending Moments ( i i )  R e la ­
t io n s h ip  betw een th ese  and p ip e  and s t in g e r  le n g th s  and 
c u r v a t u r e s .
(a )  Bending Moments
I t  was shown, i n  t h a t  s e c t io n ,  t h a t  th e r e  is  a c r i t i c a l  
bend ing  moment w h ich  must n o t  be exceeded i f  b u c k l in g  o f  
th e  p i p e l i n e  d u r in g  la y in g  o p e ra t io n s  i s  to  be a v o id e d .  
F u r t h e r ,  th e  v a lu e  o f  t h i s  c r i t i c a l  moment is  a ls o  a 
d i r e c t  f u n c t io n  o f  th e  e x i s t i n g  h y d r o s t a t i c  p re s s u re  ( i . e .  
th e  e x t e r n a l  a p p l ie d  p r e s s u r e ) . The r e l a t i o n s h i p  was 
e x p ressed  in  m a th e m a tic a l  form  as e q u a t io n  ( 2 . 1 1 6 ) .  Ex­
pres sed  in  c o n s t r a in t  form , a t  a l l  t im e s :
° - °  “ m a x  | 4  m cr  - -  -  <3 - 4 3 >
Three models e x i s t  f o r  d e te r m in a t io n  o f  M.fAV f o rMAX
any p a r t i c u l a r  e x p e c te d  p i p e l i n e  c o n f i g u r a t io n .  These  
have been d iscu sse d  in  d e t a i l  i n  t h a t  s e c t io n .  As p o in te d  
o u t t h e r e ,  ch o ic e  between them must be based on how 
c lo s e ly  th e  a c t u a l  c o n f i g u r a t io n  is  ex p ec ted  to  a p p r o x i ­
mate t h a t  assumed by th e  m odel. The c o m p a ra tiv e  e v a lu a ­
t i o n  o f  the  models ( f o r  th e  t y p i c a l  la y b a rg e  c o n f ig u r a t io n )  
i n d ic a t e d  t h a t  th e  f l e x i b l e  p ip e  approach was adequate  
f o r  p r e d i c t i o n  o f  maximum bend ing  moments in  th e  sagbend  
b u t g r o s s ly  in  e r r o r  f o r  p r e d i c t i n g  c u rv a tu re s ,  te n s io n s  
and top a n g le s .  T h is  f a c t ,  to g e th e r  w i t h  i t s  r e l a t i v e l y
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s im p le  a n a ly t i c a l  fo rm  makes i t  id e a l  f o r  use in  th is  
system  model to  p r e d ic t  "̂ ĵ xAX’ ~^en s u b s t i tu t in g  f ° r
as g iv e n  by e q u a tio n  (2 .1 3 7 )  and as g iv e n  by
e q u a tio n  (2 .1 1 6 )  in to  e q u a tio n  ( 3 .4 3 )  y ie ld s :
0 .0 ^  E l j2Sb 2 (El. t t /31 +( TS
2 £ b  
D +2t
-1







+  11 /3  ) ) ) ^
< TTtD* 2 '4 - 1 0  ' N)N8 ^ r<rv+0 .004E ) qyES .F .
-  0 . 2 2 2 E l
W.psj
1 /3  (NE +  0 . 910y N3 )
  ( 3 .4 4 )
where
SF = S a fe ty  F a c to r  = 1 .2 5  
N = D / t  
and b = 0.22 -  0 .0 0 0 8  N
. i  =  F I / , THEO.
(b ) A p p lie d  H o r iz o n ta l  T e n s io n  and S t in g e r  Leng th  
The g r a p h ic a l  o p t im is a t io n  m ethod o f  DALEY ( 21 ) was 
d iscu s se d  in  S e c t io n  ( 2 . 3 . 2 ,  ( a ) )  in  c o n n e c tio n  w ith  th e
r i g i d  p ip e  approach  to  maximum b end ing  moment d e te rm in a t io n  
As p o in te d  o u t th e r e ,  th e  m ethod p ro v id e s  o p tim a l v a lu e s  
f o r  a p p lie d  te n s io n  and le n g th  o f  s t in g e r  fo r  a p ip e l in e
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system  o f  s p e c i f ie d  d im en s io ns , s u b je c t  to  a s p e c i f ie d  
maximum bend ing  moment c o n s t r a in t .  The maximum bend ing  
moment r e la t io n s h ip  to  be used w i l l  be th a t  g iv e n  by 
e q u a tio n  (2 .1 0 1 )  w h ich  was deve loped  e a r l i e r .  D e ta i le d  
developm ent o f  th e  e q u a tio n s  used in  th e  te c h n iq u e  as 
w e l l  as a d e s c r ip t io n  o f  th e  o p t im is a t io n  p ro c ed u re s  and 
p r in c ip le s  have been p ro v id e d .
Viewed in  th e  c o n te x t o f  th e  o v e r a l l  system  o p t i ­
m is a t io n  p ro b lem , th e  method may be used as a s u b s id ia ry  
o p t im is a t io n  r o u t in e .  Then fo r  p a r t i c u l a r  t r i a l  v a lu e s  
o f  D, tp  and t  , th e  r o u t in e  p ro v id e s  o p tim a l v a lu e s  o f  
TQ and S . L . ;  e s s e n t ia l ly  a c t in g  e x te r n a l  to  th e  m a jo r  
o p t im is a t io n  r o u t in e .  The o p tim a l v a lu e s  so d e te rm in e d , 
how ever, must th en  be s u b je c t  to  more g e n e ra l system  
c o n s t r a in ts .  In  t h is  s u b -s e c t io n  such c o n s t r a in ts  
w i l l  be d e ve lo p e d .
The maximum p o s s ib le  a p p lie d  p ip e  te n s io n  a t  th e
la y  barge (T  ) is  u l t im a t e ly  d e te rm in e d  by th e  la y -  
0 MAX
barg e  te n s io n in g  c a p a b i l i t i e s  T g . B u t, th e  re q u ire d  
c a p a b i l i t y  w here some Tq is  d e s ire d  is :
TB >  T0 + w f - ( W . D . )
where
S
( i )  Wg is  chosen as th e  la r g e s t  p o s s ib le
v a lu e  o f  submerged w e ig h t p e r u n i t  le n g th .
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( i i )  I t  is  assumed th a t  a n e g l ig ib le  le n g th  
o f  p ip e  rem ains un-im m ersed.
T ran sp o s in g  term s to  o b ta in  a more c o n v e n ie n t form  g iv e s :  
To 4  T f X - w | (W. D. )   ( 3 . 4 5 )
w h e re :
.M 
B
AX = T e n s io n in g  C a p a b i l i t y  o f  o n ly  o r  
s tro n g e s t a v a i la b le  barge
W.D.  = A verage W ater Depth  
S “ D e fin e d  by e qua c io n  (2.59, ;
A re a s o n a b le  lo w e r bound fo r  T can be d e r iv e d  byo J
c o n s id e r in g  th e  r e s u l t a n t  p ip e  c r o s s -s e c t io n a l  a r e a l
bend ing  s t r a in  and e n s u rin g  th a t  i t  is  c o n s id e ra b ly  l e s s
th an  th e  assumed maximum. The maximum ex p ec ted  bend ing
s t r a in  ( E ^ ) ,  has been d e s c r ib e d  as a fu n c t io n  o f  D / t
r a t i o  in  e q u a tio n  ( 2 . 1 1 3 ) .  The c o rre s p o n d in g  bend ing
s tre s s  is  g iv e n  by:
O" = £ A E -  -  -  ( 3 . 4 6 )b b p
where A = C ro s s -S e c t io n a l a re a  o f  p ip e  m a t e r ia lp  ^  ^
= i r t ( D  +  t p ) -  -  -  ( 3 . 4 7 )
SO
< X j  = | 0 . 2 2  -  0 . 0008D 1 | IT  t  (D + tn ) \ ' E
Di MAX tp ' ' '
= E t p ( D +  Cp)j  .6912 -  . 002 5 Dj
The a b s o lu te  minimum p o s s ib le  is  o f  course ze ro  ( i . e .  when
£ ,  = 0 . 0 ) .  To be r e a l i s t i c ,  how ever, assume:b
c \ = o . o i  or




The com posite  c o n s t r a in t  on top te n s io n  can now be 
w r i t t e n  a s :
0 . O lE tp  (D + tp )^o . 6912 -  Q' 0Q25P|^ T^ TJ'K X -Wg' ( W. D. )
C ---------  ( 3 . 4 9 )
S p e c i f ic a t io n  o f  upper and lo w e r bounds fo r  s t in g e r  
le n g th  is  an a r b i t r a r y  e x e rc is e  a t  b e s t .  T h a t th e re  shou ld  
be a s t in g e r  to  c o n tr o l  c u rv a tu re  is  obvious f o r  th e  
c o n v e n tio n a l ia y b a r g e . T h a t i t  shou ld  be nc lo n g e r  th an  
one h a l f  th e  t o t a l  le n g th  o f  th e  S shape assumed by th e  
p ip e  is  e q u a l ly  o b v io u s . A n o t u n re a s o n a b le  (b u t o f  
q u e s t io n a b le  e f fe c t iv e n e s s )  c o n s t r a in t  is  th e r e fo r e
3 0 . 0  ^  S . L .  /  0 . 5PL  ’ . . .  ( 3 . 5 0 )
3 . 2 . 4  COST RELATIONSHIPS
M a t e r ia l ,  i n s t a l l a t i o n  and o p e ra t in g  cost s  have been  
c o n s id e re d  in  S e c tio n  ( 2 . 4 . 3 ) .  T h e re , th e se  cost s  w ere  
exp ressed  in  term s o f  th e  d e s ig n  v a r ia b le s .  The r e l a ­
t io n s h ip s  w i l l  n o t be re p e a te d  h e re .
I t  is  p lan n e d  to  use th e s e  n o t as in e q u a l i t y
c o n s t r a in ts  b u t as fu n c t io n s  to  be e v a lu a te d  p r io r  to
o b je c t iv e  fu n c t io n  e v a lu a t io n  th ro u g h  s u b s t i t u t io n  o f
s p e c i f ic  t r i a l  v a lu e s  f o r  D , t  , t  , S . L . ,  and T . ̂ ’ p c o
3 . 2 . 5  E X P LIC IT  ABSOLUTE BOUNDS ON DESIGN VARIABLES
These w i l l  v a ry  w ith  th e  p a r t i c u l a r  d es ig n  prob lem  
and lo c a t io n .  They a re  d e te rm in e d  e i t h e r  by th e  l im i t s
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o f  c u r re n t  te c h n o lo g y , by th e  c a p a b i l i t i e s  o f  equipm ent 
a v a i la b le  a t  th e  p a r t i c u l a r  lo c a t io n  o r by m a rke t fa c to r s  
( e . g .  most commonly used ty p e s , s i z e s ,  e t c . ) .
A d o p tin g  a d e s ig n  p h ilo s o p h y  w h ich  a s s e r t s  th a t  
"any te c h n o lo g y  w h ich  is  a v a i la b le ,  w o r ld -w id e , can be 
o b ta in e d  a t  th e  r ig h t  p r ic e  and w ith  p ro p e r  t im in g "  
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4 . 1 .  SUMMARY
The d e r iv a t io n  o f  t h is  m a th e m a tic a l m odel o f  an o f f ­
shore p ip e l in e  system  o p e ra t in g  w it h in  a s p e c i f ie d  economic 
en v iro n m e n t has been based on th e  fo l lo w in g  p r in c ip le s  and 
a s s u m p tio n s :
4 . 1 . 1 . THE PHYSICAL SYSTEM
? d p e lin e  System
(a )  A s in g le  co n tin u o u s  ( t h e o r e t i c a l l y  j o i n t l e s s )  t r a n s ­
m is s io n  l i n e  o f  u n ifo rm  dim ensions e x te n d in g  from  subsea  
w e llh e a d  to  onshore c o l le c t io n  p o in t  is  a lo n e  c o n s id e re d . 
T h is  e l im in a te s  th e  need f o r  c o n s id e ra t io n  o f  ’ lo o p e d ’ 
system s w h ich  a re  e x tre m e ly  d i f f i c u l t  to  o p tim is e  under  
two phase f lo w  c o n d it io n s . F u r t h e r , t h e  p ip e l in e  is  cement 
c o a te d  and u n h u rr ie d  f o r  most o f  i t s  le n g th .
(b ) When exp an s io n  o f  system  c a p a c ity  is  n e c e s s a ry  (e v e ry
X y e a r s ) , i t  ta k e s  th e  fo rm  o f  an i d e n t i c a l ,  (same p h y s ic a l  
d im en s io n s) p a r a l l e l  f a c i l i t y .
(c )  T h a t th e  t h o e r e t i c a l l y  based ASME s ta n d a rd  (a d ju s te d  fo r  
e n v iro n m e n ta l c o n d i t io n s ) . a d e q u a te ly  s p e c i f ie s  maximum 
’ sa f e *  i n t e r n a l  w o rk in g  p re s s u re  fo  th e  p ip e l in e .  T h a t th e  
e x p e r im e n ta l ly  based S o u th w e ll (c o lla p s e  p re s s u re ) r e l a ­
t io n s h ip  d e s c r ib in g  c i r c u m f e r ia l  c o lla p s e  in  b o th  p l a s t i c  
and e l a s t i c  ranges under u n ifo rm  e x te r n a l  r a d i a l  p re s s u re
is  ad eq u ate  f o r  th e  w a te r  depths and p ip e  d ia m e t e r / t h ic k ­
ness r a t io s  c o n s id e re d .
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(d ) T h a t th e  M esioh-Bynum  f a i l u r e  c r i t e r i o n  f o r  p ip e l in e s  
under combined r a d i a l  e x te r n a l  p re s s u re  and lo n g i t u d in a l  
bend ing  moment can be used to  d e te rm in e  th e  maximum a l lo w ­
a b le  bend ing  moment d u rin g  p ip e la y in g  o p e ra tio n s  in  term s o f
v
th e  b a s ic  d e s ig n  v a r ia b le s .
(e )  T h a t a r i g i d - p i p e  approach  u s in g  a beam -colum n ty p e  
s o lu t io n  and a f i n i t e  e lem en t a n a ly s is  y ie ld s  b e s t d e s c r ip ­
t io n  o f  fo rc e s  and moments e x e r te d  on th e  p ip e  d u rin g  la y in g  
o p e r a t io n s .
M oreover a l l  la y in g  o p e ra t io n s  a re  assumed conducted  u s in g  
a c o n v e n tio n a l la y  b a rg e .
( f )  T h a t th e  c o n c re te  c o a tin g  e x e r ts  a s tro n g  in f lu e n c e  on 
f l e x u r a l  r i g i d i t y  ( E l )  o f  th e  s t r u c tu r e .  The e f f e c t  is  an 
in c re a s e  in  r i g i d i t y  w h ich  is  p r o p o r t io n a l  to  th e  c o n c re te  
th ic k n e s s .
( i i )  F lu id  and F low  C o n d itio n s
(a )  T h a t th e  f lu id s  ( n a t u r a l  g a s , co n d en sate ) w i l l  be t r a n s ­
p o r te d  as a two phase m ix tu re  a t  a c o n s ta n t mass f lo w  r a t e .  
P re s s u re  t r a n s ie n ts  in  th e  tra n s m is s io n  l i n e  a re  n o t c o n s id e r ­
ed , i . e .  s te a d y  f lo w  r a t e  is  assumed,
T h a t an e x p o n e n t ia l te m p e ra tu re  p r o f i l e  e x is ts  a lo n g  th e  
l i n e .  N o n e th e le s s  th e  f lo w  i t s e l f  is  assumed is o th e rm a l over  
th e  e n t i r e  p ip e  le n g th .
(b ) T h a t th e  p re s s u re  drop e x p e r ie n c e d  d u rin g  th e  f lo w  o f  
tw o -ph ase  f lu id s  in  in c l in e d  p ip e s  is  b e s t  (m ost a c c u r a te ly  
f o r  assumed c o n d it io n s )  p r e d ic te d  by th e  ^ F la n n ig a n -D u c k le r  ( I I )  
-E a to n  J combined te c h n iq u e  w h ich  r e q u ire s  an i t e r a t i v e
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f i n i t e  e lem en t ty p e  s o lu t io n .  A l e s s  a c c u ra te  a n a ly t ic  
fo rm u la t io n  is  th a t  g iv e n  by a £ F la n n ig a n -D u c k le r  ( I ) -  
D u c k le r  (X ) J c o m b in a tio n . T h is  is  more c o n v e n ie n t f o r  op­
t im iz a t io n  purposes and is  th e  b e s t  a v a i la b le .
(c )  S e p a r a t io n ,. gas com pression th en  subsequent re m ix in g  
o f  th e  f lu id s  is  assumed t e c h n ic a l ly  f e a s ib le  though n o t  
n e c e s s a r i ly  e c o n o m ic a lly  d e s ir a b le .  How ever, w here used  
com pression is  assumed r e v e r s ib le ,  a d ia b a t ic  and is e n t r o p ic  
u s in g  o n ly  c e n t r i f u g a l  com pressors .
F u r th e r  a l l  com pressors have been assumed in s t a l l e d  
betw een w e llh e a d  s u p p ly  and s t a r t  o f  f lo w l in e .  No e f f o r t  
is  made to  o p tim is e  th e  lo c a t io n  o r  sp ac ing  betw een groups  
o f  com pressors .
( i i i )  Subsea E nvironm ent
(a )  The se a -b o tto m  is  assumed re p re s e n te d  by a u n ifo rm ly  
s lo p in g  p la n e  c o n s is t in g  o f com petent (no tendency  to  
f i u i d i z e ,  shear o r e ro d e ) s o i l s .  The cement co a ted  p ip e ­
l i n e  is  a t  a l l  tim es  (su b seq u en t to  i n s t a l l a t i o n )  in  d i r e c t  
l in e - c o n t a c t  w it h  t h is  p la n e  (No b u r i a l ) .
(b ) T h a t th e  w ind and w a te r  fo rc e s  on th e  p ip e l in e  system  
w i l l  be based on ’ 100 y r . s torm  c o n d it io n s ’ T h a t m ixed  
c u rre n ts  p r e v a i l  in  th e  p ip e l in e  en v iro n m en t and in f lu e n c e  
wave p r o p e r t ie s  and hence fo rc e s  on th e  p ip e l in e  system .
(c )  T h a t even under th e s e  storm  c o n d it io n s , wave a m p litu d e  
i s  such t h a t  a m o d if ie d  l i n e a r  wave th e o ry  ( s p e c i f i c a l l y  
th e  Johnson 1 s t  o rd e r  s o lu t io n )  a p p lie d  to  an i n f i n i t e ,
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’ c o n s ta n t mass t r a n s p o r t ’ sea is  a p p l ic a b le .
(d) That the final,design, water particle velocity (prior 
to adjustment for boundary layer effects) be the vectorial 
sum of (1) Storm induced (2) Slope induced (3) Wave 
induced (4) Prevailing current components.
(e )  T h a t th e  use o f  s in g le  average  r e la t io n s h ip s  f o r  th e  
v a r ia t io n  o f  drag  and l i f t  c o e f f ic ie n t s  w ith  f lo w  R e y n o ld ’ s 
Number together with an ’effective’ current velocity in 
th e  c a lc u la t io n  o f  wave fo rc e s , e l im in a te  th e  need f o r  
in c lu s io n  o f p ip e  s u r fa c e  roughness ( i . e .  boundary la y e r  
c o n d i t io n s ) .
( f )  T h a t , in  v ie w  o f  th e  la c k  o f  r e le v a n t ie x p e r im e n t a l  
d a ta  on v a lu e s  o f  v e r t i c a l  i n e r t i a l  c o e f f i c ie n t s ,  i t  may 
be assumed e q u a l in  m agn itu de  to  th a t  o f  th e  h o r iz o n t a l  
i n e r t i a l  c o e f f i c i e n t .
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4 . 1 . 2 .  THE ECONOMIC ENVIRONMENT
(a )  T h a t th e  t r a d i t i o n a l  economic p ro d u c tio n  fu n c t io n  
can be v a l i d l y  and a d e q u a te ly  r e w r i t t e n  in  term s o f  th e  
e n g in e e r in g  v a r ia b le s  f o r  t h is  p a r t i c u l a r  system . (See  
in t r o d u c t io n  to  C h a p te r I I )
(b ) T h a t th e  p ip e l in e  system , though h a v in g  a f i n i t e ,  p r e ­
s c r ib e d  economic l i f e  f o r  d e p r e c ia t io n  p u rp o s e s , has an 
i n f i n i t e  o p e ra t in g  l i f e .  C r e d its  a re  th e r e fo r e  based on 
i t s  econom ic l i f e  w h i le  r e c e ip ts  and co s ts  a re  based on an 
i n f i n i t e  tim e  p e r io d .  In  any e v e n t ,c a s h  r e c e ip ts  a re  
assumed c o n tin u o u s .
(c )  The system  w i l l  o p e ra te  in  an economic en v iro n m e n t 
c h a r a c te r is e d  by a p e r s is t e n t ,  c o n s ta n t r a t e  e s c a la t io n .
T h is  a f f e c t s  th e  r e a l  v a lu e  o f  b o th  p r ic e s  and c o s t s .
(d ) Cash flo w s  a re  t y p ic a l  o f  an in v e s tm e n t-re in v e s tm e n t  
s i t u a t io n  and th us  r e q u ir e  a N et P re s e n t V a lu e  (NPV) 
economic a n a ly s is .
F u r th e r ,w e  have chosen to  use a C o n s ta n t D o l la r  A n a ly s is  
to  accou nt f o r  e s c a la t io n a r y  e f f e c t s  on r e a l  money v a lu e s .
(e )  Demand is  assumed to  in c re a s e  l i n e a r l y  and d e t e r m in is t i -  
c a l l y  w ith  t im e . M o re o v e r, m a rk e t c o n s id e ra t io n s  make a
'n o  b a c k lo g ’ s i t u a t io n  a t  a l l  tim e s  m an d ato ry . Thus demand 
grow th  must be re g a rd e d  as a s to c h a s t ic  v a r ia b le  and new 
i n s t a l l a t i o n s  o f  f ix e d  s iz e  become n e c e s s a ry  a t  f ix e d  tim e  
i n t e r v a l s .
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F u r th e r ,  i t  is  d e s ir a b le  to  d e s ig n  any p a r t i c u l a r  
i n s t a l l a t i o n  f o r  an o p tim a l number o f  y e a rs ' demand.
( f )  The tra n s m is s io n  in d u s tr y  is  c h a r a c te r is e d  by la r g e  
'econom ies o f  s c a l e ' .  T h is  must be c o n s id e re d  in  choosing  
an o p tim a l i n s t a l l a t i o n  s iz e .
J u s t i f i c a t i o n  f o r  each o f  th e s e  assum ptions has hope­
f u l l y  been made in  th e  body o f  th e  t e x t .  I t  must be  
n o te d  how ever, th a t  th e y  a re  m ain assum ptions onl y ,  and 
t h a t  s e v e r a l im p o rta n t s u b s id ia r y  assum ptions a re  im p lie d .  
These w i l l  be obvious to  th e  re a d e r  as th e  t e x t  is  s tu d ie d .
4.1.3 : THE MATHEMATICAL PROGRAMMING MODEL
On the basis of the previously listed assumptions 
both explicit and implicit, the final form of the mathe­
matical programming model of the subsea pipeline system 




NET PRESENT VALUE OF THE INSTALLATION ( NPY ) : 
w here
NPV -  P . V .  INCOME -  ? . V .  COSTS
t h a t  i s :
Y -  C1 +  C2 K X *  { 1 -  exp ( -  i *  X )>
T h is  p ro v id e s  o n ly  one o f  s e v e r a l  p o s s ib le  ob j e c t iv e  fu n ­
c t io n s  f o r  d e s ig n  o p t im iz a t io n .
SUBJECT TO:
DESIGN INEQUALITY CONSTRAINTS
(1 )  Tw o-Phase F I  o w _ ( In te r n a l_ P r  e n s u re )
SALES L IN E  PRESSURE MAXIMUM
PRESSURE +  PRESSURE 1  AT PIPE 1  WORKING PRESSURE
LOSS ■ IN LE T OF PIPE
t h a t  i s :
Yo C
PSUPPLY +  a?OBS 1  PWSF (C3* 1  1.152 (D" ^ -y -)
w here C ^ + c j D '5- * ^ - 4 •68+C^D_3+C^D*2 •68
AT1 “
CBS o -2
c 5 -C 6D *  +  C7 D - -  CgD
where -*■ Cg are as defined in  the te x t. This requires
a purely a n a lv tic  so lu tion . OR:
2
V tp S_ Sin 9 + PTP V
i? ' =
OBS / P V V
, > X? SG
0 6 C
requ iring  an i te r a t iv e ,  f in i t e  element so lu tion .
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(2) S_tatic_CollaDse/or_FaiIure_(KxterTial_?re£sure) __
ZERO < HYDROSTATIC < CRITICAL
PRESSURE “  COLLAPSE PRESSURE
t h a t  i s :
o .o  i  ( 5 _  +  [-2 -j3 e - 1 c 5 > i
(3 )  Dynam ic ( I n  th e  P re s e n c e  o f  C u r re n ts )  O n -B ottom
Stability:
L IF T  +  DRAG -r FRICTIONAL , STATIC (NO CURRENT) ^SOME LARGE 
FORCE FORCE FORCE -  SUBMERGED WEIGHT -  NTJMBER
(U p p er bound D ic t a te d  by T e c h n o lo g ic a l o r  A v a i l a b i l i t y  L im i­
t a t io n s )
th a t i s :
C11(W -2t+2tc) {  ClV*z+f ‘ 5dv2x} +C7(D+2t+2Cc) 2 ( l - C ^ - C ^ " 1}
<
Cg (D +C )+C9Co (D +2t^ C c )+ C 10D2+Xcc
{ C^ +Cy (D 4- 2 t  + 2 t^ )  y
OR
MAXIMUM LARGEST
S PEC IF IC  GRAVITY < STATIC SPEC IFIC  < PRACTICABLE 
AT WHICH FLOTATION -  GRAVITY -  VALUE 
W ILL OCCUR
i . e „  1
t h a t  i s :
Ptt, . 127 3w f
{ — — -------------------   } < ( S . G) < ( 4 . 0 )
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(4 )  Dynam ic C o lla p s e /F a i l_ u r e _ ( B ending Moments)
ZERO MAXIMUM BENDING CRITICAL (FAILURE)
-  MOMENT EXPERIENCED -  BENDING MOMENT 
DURING INSTALLATION
0 .0  £ | E l l f 24sb 1






+  (S in h  (Cosh j 2 4-e^
] ( ?  '
1 /3
+ i )))2
I D + 2. u ; 1 - u 1
24sb | 
D” +  21 j '
I 3 /2  \
i  i
J /
v t D ~(  -  10 ' 7n) 
S( ff + O.OCffET"
a E
,  y rrzr
0 . 2 2 2 1 E l  '1/'3
*rs
(NE +  0 . 9 1  oyH )
w h e re :
E *  0 . 0 0 6 9 4  E'
( 5 )  A p p lie d  H o r iz o n t a l  T e n s io n
MINIMUM EXPECTED < APPLIED < MAXIMUM RESULTANT 
BENDING STRESS -  TENSION -  PENSIONER THRUST
0 , 0 1  E t  (D +  c)  { 0 . 6 9 1 2  -  °  • ° ^ 25-  } < T0 < T ' ^  -  WS 'WD
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(S)  A b s o lu te  JJp_pe_r and Low er Bounds on th e  D es ig n  V a r ia b le s
0 . 2 1 5 < P IP E  DIAMETER < 4 7 . 3 1 2
0 . 0 6 8 < PIPEWALL THICKNESS < 1 . 5 6 2
0 . 5 < CONCRETE THICKNESS < 5 .0
3 0 . 0 < STINGER LENGTH < 0. 5*PL
0.0 < REQUIRED HORSEPOWER < 1012
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WHERE (IN PRACTICAL UNITS) :
cl=yQ*(£g0+£Rc0)*(T"1 +UdT 2)*10“6 
where:
o=l-Y 
T=i+i -i9 P - . ■fji* r
C 0 = { y (    + 1  PVIF.*------ OF.PVIF.* ,n-(l+ ---- )} *10





i * = i + i g
f-^fraction of investment as operating cost
30i* (i*+l)30-l
C3=
F2 ^ S F
4.361E-03*Q *Z_ *PT7CT,WSF IN WSF
4.5a,
c 4 = ( -
WD
c5= <7y(l-ys ) C =2000. 6
C7=0.00545psw Cg=10.68 Cg=0.02182p(
C1Q=0.00545pTp ; C n = P sw/772.8
n+1
0,22-0.0008(D/t;
(e i )a c t . e t h e o r .*it h e o r .* (1+0*05tc) ; ea c t .~ (ei) a c t . ^ t h e o r .




Ct o c = 115.2096*tc*(D+2t+tc)*L*AQC
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cc s = 1 -2 *A 0 P * (HP)b+1
where:
b=Regression Coeffient of Eq.(2.185)





•whichever is the greater.





f^is read from Fig.(2.35)
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4 . 2 .  CONCLUSIONS
( 1 ) I f  ?o p tim a l*  be d e f in e d  as 'Maximum N e t P re s e n t  
V a lu e  o f  th e  i n s t a l l e d  s y s t e m * , th e  p ro c ed u re  fo r  o p t im a l  
d es ig n  o f  o f fs h o re  w e t - n a t u r a l  gas tra n s m is s io n  systems  
can be v a l i d l y  ( w i t h in  th e  l i m i t s  d e f in e d  by th e  s p e c i f i ­
ed assum ptions) d e s c r ib e d  as a m a th e m a tic a l program m ing  
model in  term s o f  th e  s ta n d a rd  d e s ig n  v a r ia b le s  o n ly .
( 2 ) The r e s u l t in g  m a th e m a tic a l program m ing problem  
c o n s is ts  o f  a h ig h ly  n o n - l in e a r  o b je c t iv e  fu n c t io n  s u b je c t  
to  n o n - l in e a r ,u p p e r  and lo w e r bounded, in e q u a l i t y  c o n s t r ­
a in t s .  I t  may be th e r e fo r e  be c la s s i f i e d  in  c o n v e n tio n a l  
te rm in o lo g y  as a m u l t i v a r ia b le ,  n o n - l in e a r , c o n s tra in e d  
p ro b lem .
( 3 ) E x a m in a tio n  o f  th e  fo rm  o f  th e  p rob lem  in d ic a te s  
t h a t  i t  sh o u ld  be d i r e c t l y  s o lu b le  by a s u i t a b le  m u l t i ­
v a r ia b le  d i r e c t  s e a rc h  te c h n iq u e . F u r th e r ,  some c o n s i­
d e ra b le  m o d i f ic a t io n  o f  th e  m a th e m a tic a l fo rm  sh ou ld  en ­
a b le  s o lu t io n  as a s ig n o m ia l g e o m e tr ic  program m ing prob lem  
o f  m u l t ip le  degrees o f  d i f f i c u l t y .  I f  t h is  can be f u r t h e r  
redu ced  (th ro u g h  th e  use o f  s u i t a b le  ’ t r i c k s ' )  to  a ze ro  
degree o f  d i f f i c u l t y  p o syn om ia i p ro b lem , a g lo b a l optimum  
i s  a s s u re d .
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4 . 3 .  RECOMMENDATIONS FOR FUTURE WORK
( 1 ) The m a th e m a tic a l program m ing p ro b lem , as fo rm u ­
la t e d ,  sh o u ld  be s o lv e d  u s in g  a n y /e v e ry  p o s s ib le  te c h n iq u e .  
The most e f f i c i e n t  o f  th e s e  shou ld  th en  be used to  f u r t h e r  
s tu d y  system  p e rfo rm a n c e .
( 2 ) An e f f i c i e n t  m ethod f o r  s e n s i t i v i t y  a n a ly s is  o f  
th e  optimum sh o u ld  be so em ployed.
( 3 ) As fo rm u la te d , we have assumed th e  p ip e  d ia m e te r  
and th ic k n e s s  to  be in d e p e n d e n t, co n tin u o u s  v a r ia b le s .
T h is  is  n o t t r u e  s in c e  in  p r a c t ic e  n o t a l l  f e a s ib le  com­
b in a t io n s  o f  th e s e  d im ensions a re  c u r r e n t ly  m a n u fa c tu re d . 
Some e f f o r t  may be d ir e c te d  tow ards in c o r p o r a t in g  d is ­
c r e te  (n o n - in te g e r )  v a lu e s  o f  th e s e  v a r ia b le s  in t o  th e  
o p t im iz a t io n  model and r e s u l t in g  p ro b lem .
( 4 ) A r is k - a d ju s t e d  fo rm u la t io n  shou ld  be o f  c o n s id ­
e r a b le  v a lu e  to  any concerned  management.
(5) A model which adequately considers uncertainty in 
the values of the assumed physical and economic parameters 
should be formulated. The resulting stochastic mathematical 
programming problem should be solved and results compared 
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